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Chapter 1
Preliminary notions

For this chapter we loosely refer to [abate2011geometria]. All manifolds in these notes

are assumed to be Hausdorfl and second-countable.

1.1 Smooth manifolds

A smooth manifold is a topological space which locally looks like an Euclidean space R".
To fix notation for the rest of the notes, we work out the precise definition behind this

intuition.

Definition 1.1. A chart on a topological space M is a pair (U, ¢) where U is an open

subset of M and ¢ is an homeomorphism'® from U to an open set V' C R", for suitable n.

A chart then brings the coordinates of R™ onto M:

IR g
U -
R ‘
— | 7
X - >

Indeed, more often we’ll not address directly the map ¢ but its components ¢ =

(x',...,2™). Well usually say something like: let (z',...,2") be coordinates around?

' An homeomorphism is an isomorphism of topological spaces, hence a continuous map whose inverse

is again continuous.
2Usually this will imply, additionally, that ¢(p) = 0, so that we are taken im ¢ to be a neighbourhood

of the origin.
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p € M. This means we do not give much importance to U either, as long as we know it
contains our point of interest.

Finally, notice that when two charts (Uj, ¢1) and (Us, ¢o) overlap, then they are
automatically “compatible” on their intersection, since ¢plod?—1 : ¢ (UyNUs) = ¢o(U1NU3)
defines an homeomorphism on them. These maps are called transition maps and sew

together the different local descriptions of the space M.

Definition 1.2. A smooth manifold is a topological space M together with a smooth
atlas, i.e. a collection A = {(U;, ¢;) }ier of charts such that all the transition maps are

C>®-diffeomorphisms?.

Remark 1.2.1. We stress the last word of the definition: as any two overlapping charts are
“topologically comaptible”, the smoothness of the manifold is ensued by the differentiability

of the transition maps.

We conclude this brief introduction by noting that we rarely give an explicti atlas

along with our manifolds. The reason is twofold:

1. for most spaces (e.g. spheres, tori, projective spaces), geometers worked out their

construction in terms of an atlas once, and then it is understood we are using that;

2. we always assume the atlas to be maximal, that is, to contain every possible
compatible chart (with a given starting set): as such a collection is clearly very

large, it is impossible to give one explicitly.

1.2 Vector bundles

On a smooth manifold we are interested in studying so-called differential objects: vectors

and forms, as well as smooth functions supported on the manifold.

Definition 1.3. A map of smooth manifolds F': M — N is a map from the manifold
M to the manifold N which is locally represented by a differentiable function, i.e. for
every p € M, there exist a chart (U, ¢) around p and a chart (V,v) around F(p) such

that 1 o F o ¢~ ! is a differentiable function in the usual sense.

The space of differentiable maps from M to R is denoted by C>*(M). It clearly is an

R-algebra, i.e. a ring whose addition makes it into an R-module.

Definition 1.4. A vector bundle on a smooth manifold M is a map «w : £ — M from
a smooth manifold F called the total space to the manifold M called the base space
such that

3Hence homeomorphisms which are differentiable infinitely many times.
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1. 77 1(p) is a vector space for any p,

2. for each p, there is an open neighbourhood U of p and a diffeomorphism y :
7 Y U) = U x m!(p) which is fiberwise an isomorphism of vector spaces and

makes the following commute:

FUU) — o Ul (p)

‘W (1.2.1)

Intuitively, a vector bundle is a smooth assignment of vector spaces to each point of
a manifold. A consequence of this is that every fiber 77!(p) has the same dimension ,
called the rank of the bundle.

Definition 1.5. A section of a vector bundle 7 : ¥ — M isanymaps: M DU — F

which is a left inverse of m on U, i.e.
mos =idy. (1.2.2)
If U = M, the section is said to be global.

A section of a vector bundle can be more easily depicted as a smooth assignment of
vectors of E, where the vector at p € M is taken from the fiber there.

The most important vector bundle in differential geometry is the tangent bundle
T M. Tts construction is somewhat technical so we refer to [abate2011geometria], but
intuitively it is the vector bundle whose fiber at p € M is the space of tangent vectors at
p, suitably defined. Global sections of T'M are called vector fields and the totality of
them is denoted by X(M).

Along with T M, we get the cotangent bundle T* M, whose fibers are dual to those
of TM. Global sections of T*M are called differential 1-forms and the totality of them
is denoted by Q'(M).

Finally, through fiberwise tensoring we get a tensor bundle 7?7 M for each p,q € N.
Global sections of T} are called h-covariant, k-contravariant tensors, or simply
tensors of type (h,k). Clearly T'M = TM and T'M = T*M. When after tensoring,
we look at the skew-symmetric part of the tensors, we get an algebra called the external

algebra of M. The product is denoted by A, and is defined as
51/\-~-/\£q: Z(_l)sgnafa(l)@)---®€U(q)v V§1,...,€q €eT"M. (1.2.3)

o€S,

Skew-symmetric k-contravariant tensors are more commonly referred to as differential
k-forms, and their collection is denoted by Q%(M). Skew-symmetric h-covariant tensors
are more commonly referred to as h-vectors (or, more generally, multivectors) and
their collection is denoted by X9(M).
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1.2.1 Pullback and pushforward

Any smooth map F': M — N induces morphisms between the respective tangent and

cotangent bundles. In this section, let p will designate a point of M and ¢ a point of N.

Construction 1.6. For vectors, at each point p of M there’s a well-defined map of
fibers
dF, : T,M — Tpp) N (1.2.4)

called the differential of F' at p, whose intrinsic definition depends on the specific way
the tangent bundle is defined. Anyway, once coordinates (z',...,z™) are fixed around p

and coordinates (y',...,y") are fixed around ¢, its expression becomes
OFF
dF, (X",0n),) = X", B 170) Okl F ) (1.2.5)

where OF* /02" | () is the Jacobian of F at F(p) computed with respect to the chosen

coordinates?.

Construction 1.7. The dual of dF),, in the sense of linear algebra, is a corresponding
fiberwise morphism between the cotangent bundles, but in the opposite direction. Recall
that TN is the space of R-valued functionals on T; N. When ¢ = F' (p), it’s then natural
to precompose any such functional with the differential of F' at p to get a functional on

T,M. Diagrammatically, it is very intuitive:

M — s Ty N

c (1.2.6)
dF3E .
\\ﬁ
R
Hence
drF; Ty N — T-M
p T F(p) P (1.2.7)

E— EodF,
Construction 1.8. When we want to bundle up all these fiberwise morphisms, we see

that there’s no problem for vectors:

dF : TM — TN

(1.2.8)
(p, Xp) — (F(p), dF,(X,))

4This means that we should actually refer to the Jacobian of the local representation F' at the point
(@ (p),- - 2™ (p)).



CHAPTER 1. PRELIMINARY NOTIONS 7

Conversely, dF) is generally ill-defined when we replace p with F' ~1(q), so that to eliminate
such concerns we need to assume F' to be a diffeomorphism. Only in this case we

can define
dF* : T"N — T"*M

(@:€) — (F7'(q),§ 0 dFp-1y))

However, we usually use vectors and covectors in the form of vector fields and differential

(1.2.9)

forms. Thus we’d like to define a way to move sections along F'.

Construction 1.9. For vector fields, this operation is called pushforward

F,: (M) —s X(N) 210
X — q— dFF—l(q)<XF—1(q))

Like dF™, this map is well defined if and only if F' is a diffeomorphism.

Construction 1.10. Conversely, the analogous map for differential forms, called the

pullback is now well defined everytime:

F*: QYN) — QY(M)

(1.2.11)
w — (p, Xp) = wrg) (dF,(X,))

Construction 1.11. We can extend both kinds of maps to homogeneous tensors by

having them act componentwise: for example, the last becomes

F* QF(N) — QF(M)

(1.2.12)
WA AW — Fruor AN Frwg,.

Notice the same restrictions as before apply. We stress it doesn’t make sense to speak
about pullback /pushforward of mized tensors since mixed tensors also have mixed variancy
of the induced maps (you’d have to pullback one part of the tensor and pushforward

another); unless M = N.

1.2.2 Distributions

Definition 1.12. A k-dimensional distribution D on a smooth manifold M is a subset of
T'M such that D, = D NT,M is a key dimensional subspace of T,M for each p € M.

The most common way to define a distribution on a manifold its through a set of

generators.

Definition 1.13. The distribution generated by the vector fields Xi,..., X} € X(M) is
given pointwise by

Dy = (Xilp, ..., Xil,). (1.2.13)
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Definition 1.14. We say a k-dimensional distribution D is smooth if, for any point
p € M, there exists an open neighbourhood U of p such that D restricted to U can be
generated by k vector fields of X(M). Such a set of vector fields is called a local frame
for D on U.

Evidently, a smooth distribution is again a vector bundle on M. Hence we can consider
“D-valued vector fields”, which are just section of D, i.e. vector fields with values in D,, at

each point p € M.

Definition 1.15. A distribution is called involutive if Xp(M) is a Lie subalgebra of
X(M), i.e. if Xp(M) is the Lie bracket of two sections of D is again a section of D.

The most useful kind of distributions are those giving or coming from foliations,
i.e. partitions of M into smooth submanifolds® called leaves. Then any foliation clearly
induce a distribution given by the tangent spaces of the leaves. It’s then natural to ask

when the converse is true.

Definition 1.16. An integral submanifold of a smooth distribution D is a submanifold
S C M such that TS =D on S.

Definition 1.17. A smooth distribution D is said to be integrable if every point of M

is contained in an integral submanifold of D.

Definition 1.18. Let D be a k-dimensional smooth distribution on an n-dimensional
manifold M. A chart (U, ¢) is flat for D if

1. ¢(U) =V x W where V is open in R¥ and W is open in R" ¥,
2. (04,...,0) is a local frame for D on U.
A distribution is called completely integrable if M admits an atlas of flat charts for D.

To say a chart on U is flat for D then means its integral submanifolds cut U in directions

k+1 n

parallel to the coordinates on U, i.e. every set of the form {z € U |zFT =¢! ... 2" =
¢k} for a point (cy,...,c,_x) € V (defined as above) is an integral submanifold of D on
U. The first bullet point in the definition says that the coordinates on U can be naturally
partitioned in “parallel” directions (contained and generating the integral submanifolds)
and “transverse” directions (“orthogonal” to the integral submanifolds).

The concepts of involutive, integrable and completely integrable smooth distribution

are related by the following theorems:

Proposition 1.19. Any smooth, completely integrable distribution is integrable.

5In a regular folations, leaves have all the same dimension, otherwise the foliation is called singular.
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Proposition 1.20. Any smooth integrable distribution is involutive.

Theorem 1.21 (Frobenius, [abate2011geometrial). Any smooth involutive distribution

is completely integrable.

While the first two are relatively straightforward to prove, the third one is more

involuted and technical.

completely integrable Lrop 12 integrable Lrov 1% nvolutive (1.2.14)

Th. 1.21

In the end, integrable, completely integrable and involutive mean the same thing.

1.3 Exterior derivative

Definition 1.22. The exterior derivative is the unique family of graded R-antiderivations
d: (M) — QP! extending the differential defined by Construction 1.8 i.e. satisfying

the following axioms:
1. It is R-linear,

2. For any smooth function f € C*®(M) = Q°(M), d is the global differential of f,

3. It is a boundary map:
d* =0, (1.3.1)

4. Tt is a graded antiderivation:

dwAn) =dwAn+ (=1)¥w A dn. (1.3.2)

Existence and uniqueness can be easily proved by building up from the first axiom

.....

oy = Lo i Adz™t A LA dat (1.3.3)

where indices ranges over the dimension of the ambient manifold, and summation is

implied.

Definition 1.23. A form w is said to be closed if dw = 0. It’s said to be exact if w = do

for some form a.
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Clearly, since d*> = 0, any exact form is closed. The converse is not always true

and this is the starting point of de Rham cohomology theory, which we’ll see soon.
Lemma 1.24. For any p € N and a € QP (M), for every k,

d(da)Ak = d(doz VANIRAN da) =0 (134)

k times

that is, exterior powers of exact forms are closed.

Proof. We proceed by induction on k. Indeed, for £ = 1 the statement is true by definition

of d. Assume it is true for £ — 1, then

d ((do)™*) = d (da A (dor)™*1)

(1.3.5)
= d*a A (da)* ' +dand (do/\k_l) =0

O

Corollary 1.24.1. Ezterior powers of exact forms are again exact.

Proof.
(do)™ = dor A (do)™ " — a A d((da) 1) = d (a A (da) 1) . (13.6)
=0

O

So as we noted above, any exact form is closed, meaning the ds form the coboundary

maps for a cochain complex of differential forms:
(M) — s (M) — (1.3.7)

This is called the de Rham complex of M, and we can naturally associate a cohomology
theory to it by taking homologies: let kerd, = ZP(M) be the susbpace of closed p-forms
(p-cocycles) and imd,_; = BP(M) the subspace of exact p-forms (p-coboundaries).

Then the p-th de Rham cohomology is defined as
HYp(M) = ZP(M)/BP(M). (1.3.8)

So de Rham cohomology encodes the failure of closed p forms to be exact. Surprisingly,
although its definition is intrinsecally dependent on the smooth structure of M, de Rham

cohomology is a topological invariant, meaning
M =N = Hj,(M)H*®* (N) (1.3.9)

Top VecdR

This is proven by proving the equivalence of the cohomology to the (purely topological)

singular homology.



CHAPTER 1. PRELIMINARY NOTIONS 11

1.3.1 Singular Homology

We will now describe an homology theory which is entirely topological. Indeed, in this
construction there’s no need to assume M to be a smooth manifold, any topological space

will suffice.

Definition 1.25. A singular r-simplex is any set of the form
A" =1[Fy,...,P] (1.3.10)

where Py, ..., P, € R" are affinely independent points and [—| denotes the convex closure

of its argument.

Basically simplices are a lower and higher dimensional generalization of triangles: A°

is a point, A! a segment, A? a triangle, A3 a tetrahedron, and so on:

Definition 1.26. A singular r-simplex in a topological space M is a continuous

map o : U — M where U is an open neighbourhood of a A" C R".
By abuse of terminology, often we’ll call r-simplex in M the image of .

Construction 1.27. Using the family of singular r-simplices in a topological space M as
generators, we can build a free R-module C,.(M; R) for all commutative rings R (usually
RisZ, Q, R or C.). An element of such module is called an r-chain and it is a formal

sum of r-simplices in M with coefficients taken from R.

Definition 1.28. The boundary of an r-simplex ¢” of M is the (r —1)-chain do” defined

as
r

9" =3 (=1)*Py,..., Py,..., P] (1.3.11)
k=0

where = means we are skipping the term underneath.

The terms, without sign, appearing in the summation defining do" are called faces of
the simplex. Thus the boundary of a simplex is the alternating sum of its faces.

By R-linear extension, the boundary construction induces a (family of) map(s) 0 :
C.(M; R) — C,_1(M; R), called the boundary map(s).
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Lemma 1.29. The boundary maps are boundary maps in the sense of homological algebra,
i.e.
O0p—10, =0 (1.3.12)

Proof. For conciseness sake, define

(hok] = [pos - Dhs s Brs - 0. (1.3.13)

Notice to show the claim it suffices to prove it for a single, arbitrary r-simplex, as they
generate C,.(M; R). Then it is just a matter of computation. We just need to be careful
substituting the second 9 as indices for it have to be properly shifted:

r

A0po, - .. pr]) = Y (—1)*0[k]

k=0

Ii(—l)’“ (kf(—l)h[?z,l%]Jr Z (—1)h1[/%,ﬁ]) (1.3.14)
k=0 h=0 h=k+1

= > (DR - Y (=DMMR R =0,

The very last equality is proven by swapping the indices of one summation (both will do)
— as its apparent this operation doesn’t add nor remove any term; and simply noticing we

then get two equal things subtracted, hence zero. O]

Chains ¢" € C, such that do" = 0 are called cycles (6" € Z"(M;R) = ker 0, in
symbols), while when 06 = ¢ for some 6 € C,,; we speak of boundaries (in symbols
o" € B"(M;R) =1im0,41).

Definition 1.30. The r-th singular homology of M with coefficients in R is

H.(M;R) :=ker0,/im0,,; = Z"(M;R)/B"(M;R) (1.3.15)

1.3.2 de Rham’s Theorem

Unlike de Rham cohomology, singular homology is a topological construction. On the
other hand, on a smooth manifold M we could have defined a “smooth version” by
asking the maps ¢” : U — M to be not just continuous but smooth. Eventually, the two
constructions turn out to be equivalent so we don’t distinguish them in the following
notation, but it’s important to point out this is where the bridge between topological and
differential structure is crossed.

The aim of this section is then to prove smooth singular homology can be computed

as well using de Rham cohomology, thus an easier and more tame machinery. To link the
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two, we’ll use the natural pairing of differential forms and smooth simplicial chains given
by integration:
(=, —=):C"(M;R) x Q" (M) — R

n

n
(Zana;,w)»%/w::z:an/ w
i= ¢ i=1 oh

1

(1.3.16)

Notice we fixed R = R for the coefficients of the homology as to get reals out of the
integral.
A classical result links homological properties of differential forms to those of smooth

simplicial chains:

Theorem 1.31 (Stokes). Let w € Q" (M) and C be a smooth (r + 1)-chain. Then

/80w = /de (1.3.17)

Lemma 1.32. The integral pairing passes to homology and cohomology, i.e. the pairing
[—,—]: H.(M;R) x Hjp(M) — R (1.3.18)

defined by
[C,w] = (C,w) (1.3.19)

is a well-defined bilinear form.

Proof. Choose €' € C™Y(M;R) and w’' € Q"~!, then
C+0C"eC, w+dd ew (1.3.20)

so that to show well-definedness we simply need to show the result does not depend on
C" and . Indeed, applying the extended definition of the integral, Stokes’ Theorem and
recalling 0C' = 0 and dw = 0 by definition of (co)homology, we get:

C,w] = (C +9C",w + dw')

:/w+ w+/ dw' + dw’ (1.3.21)
c ac c ac
:/w+/ dw + w’—i—/ W= (Cw).
c / ac Gelel
Bilinearity is then evident. [l
Theorem 1.33 (de Rham). The bilinear form [—,—] defined above is non-degenerate,

hence it induces an isomorphism

H,(M;R) & H’,(M) (1.3.22)

Vec
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Theorem 1.34 (Poincare’s duality). Let M be a compact orientable manifold of dimension

m. The map
(= =)« Hyp(M) x Hyp"(M) — R
(1.3.23)
(W,W)H/ w A1
M

is a well-defined, non-degenerate bilinear form, implying H}5(M) \%J Hip(M).

Proof sketch. For a compact orientable manifold we can produce a triangulation of M,
that is, an m-chain homeomorphic to M itself. By compactness of M, the chain must be
a cycle since 9M = 0. However it can’t be the boundary of anyhting bigger since it is of

maximal dimension. Then by de Rham’s again,

/ WAD O (1.3.24)
Am

proving the theorem. O]

Definition 1.35. The Euler characteristic of M is the alternating sum of the dimen-

sions of the homology groups of M:

Xar = diiM(—m dim H,, (M) (1.3.25)

n=0

Corollary 1.35.1. Any odd-dimensional compact orientable smooth manifold has xp = 0.

Proof. By de Rham’s Theorem and Poincare’s duality. O

Induced maps. Singular homology and de Rham cohomology are actually a family
of functors, in the sense that maps between manifolds induce also maps between their
cohomology groups in a way that is well-behaved with respect to composition. Indeed, if

f: X — Y is a smooth map, it also brings singular simplices on X to singular simplices

onY:
An

/ S Joo (1.3.26)
/ S

X Y

thereby producing a morphism f*: H,(X; R) — H,(Y; R). The same thing happens for
cohomology groups, although with a different variancy, by using the pullback of forms
(Construction 1.10), so we get a morphism f*: H7(Y) — H7p(X).

When fy, fi : M7 — M; are smooth maps, to say they’re smoothly homotopic

means there is a “smooth map interpolating between the two”, i.e. a smooth map

h:M; x[0,1] = Ms, (p,t) — h(p) (1.3.27)
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such that
ho = fo, hi= fi. (1.3.28)

Then it can be shown that the whenever f, and f; are homotopic, they induce

the same homeomorphisms fg and ff on the de Rham cohomology groups.

1.4 Interior product

Definition 1.36 (Interior product). Let X € X(M). The interior product with X of
a (p + 1)-differential form w is the unique p-differential form defined by

w(Xn, .o X)) = w(X, X0, ..., X)), VXL,..., X, € X(M). (1.4.1)
Property 1.37. Let X € X(M), w € QP(M) and n € Q4(M). Then the following hold:

1. tx s a boundary map:
15 = 0. (1.4.2)

2. 1x s an graded antiderivation:
tx(wAn) = (txw) An+ (=1)Pw A (txn). (1.4.3)
3. 1x commutes with the Lie derivative along X :

EXLX :Lxﬁx. (144)

4. Cartan’s magic formula:

Lxw =d(ixw)+ tx(dw). (1.4.5)

1.4.1 Integration

Definition 1.38. A volume form on the n-dimensional manifold M is given by an

n-differential form



Chapter 2
Symplectic geometry

Symplectic and Poisson structures came from the structures observed in analytical me-
chanics (originated from the need of studying complex dynamical systems in exact fashion,

like motions of planets, oscillations of many particles systems, etc.).

2.1 Symplectic forms on vector spaces

2.1.1 Skew-symmetric bilinear maps

Definition 2.1. Let V be an R-vector space with dimV =m. Let Q:V xV — R be a

bilinear map. We say 2 is skew-symmetric iff
Qv,w) = =Q(w, v), Yo, w e V.

Theorem 2.2. Let V be a finite-dimensional R-vector space. Let ) be a skew-symmetric,

bilinear map on V. Then there exists a basis

B={uy,...,ug, €1, n, f1,- s fu} (2.1.1)
of V' such that
1. Qu,v)=0 YoeV,Vi=1,...,k,
2. Qe e;) =Qfi, f;) =0 Vi,j=1,...,n,
3. Qe f;) =10 Vi,j=1,...,n,

Proof. Let
U:={ueV|Qu,v)=0YveV} (2.1.2)

This is a non-empty set since 0 € U and it is the kernel of Q) hence a linear subspace of V.

Therefore if we let uy, ..., u; be a basis for U (letting £ = dim U), the first item is proved.

16
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We’ll now build by induction a decomposition

V=U& /e, /i) ... {en, fo)- (2.1.3)

Let W be a complement of U (i.e. a subspace of V such that U @ W = V). Unless
k = dim V' (in which case the theorem is vacuously proved), W # 0. Then we can select a
non-zero vector e; from W, for which there has to be at least another f; € W such that
Q(eq, f1) # 0. Otherwise Q(eq,w) = 0 for every w € W implying Q(e;,v) = 0 for any
v € V, since when v € U we already know (e, v) = —Q(v,e1) = 0 by definition of U.
But UNV =0 and e; # 0 exclude this possibility.

Thus we choose eq, fi € W such that, up to rescaling, (e, f1) = 1. Notice, moreover,
that the two vectors are linearly independent, else €2 would be zero on them by skew-
symmetry. Thus we can add e; and f; to our basis, let Wy = (e, f1), and if Wy = W we

are done. Conversely, define
WP = {we W |Qw,wy) =0 Vw, € Wy} (2.1.4)

which is a sort of “C2-orthogonal space” of W; inside W. We can easily prove that
WinW = {0}: let v = ae; +bf; € WiNWS then 0 = Q(v,e1) = —band 0 = Q(v, f1) = a,
therefore v = 0. Now we will prove that W = W, ® W Suppose v € W has Q(v,e;) = c,
Qv, f1) = d; then v = (—cf; + dey) + (v + cfi1 — dey) where (—cfy + de;) € Wy and
(v +cfy — de;) € Wi
Let’s proceed further. As before, we can select a non-zero ey from W7 for which there
must exist a fo € W such that Q(es, fo) = 1 up to rescaling, or e would fall in U since
U W, ®W? =V. We understand then our process can go on as long as W,, # W,
giving us a basis which satisfies (2) because each e; (resp. f;) lives in the “Q-orthogonal
space” of the other e; (resp. f;), and (3) for the same reason plus the fact we make a

suitable rescaling at each step. O]

Corollary 2.2.1. The form w, with respect to the basis B, is represented as the following

block matrix

Ok 0
0 0 I,]. (2.1.5)
0 —I, 0

Remark 2.2.1.

1. The above basis B is not unique.

2. The subspace U (and in particular its dimension) does not depend on the choice of
the basis. It’s an invariant of (V).

3. Since k + 2n = m, n is also a numerical invariant of (V, 2).
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2.1.2 Symplectic vector spaces

Let V' be an n-dimensional R-vector space. Let €2: V x V — R be a bilinear map. There
is an induced linear map Q : V — V* defined by

Q) (w) := Q(v,w). (2.1.6)

In other words, we can say that 2 is an element of V*®@V* = Hom(V®V,R) = Hom(V, V*).
We have
@kerQ={ucV|Qu,v)=0YwecV}=U (2.1.7)

Definition 2.3. A symplectic form is a non-degenerate, skew-symmetric bilinear form.
A vector space V equipped with a symplectic form on V is called a symplectic vector
field.

Remark 2.3.1. The above theorem actually describes the Jordan decomposition for the
map 0 : V — V*. Obviously, if we considered the complex field this map could be
diagonalized. In addition, the definition of symplectic form requires that the Jordan

decomposition of € has no zero-eigenvalue blocks.

Remark 2.3.2. Notice the analogy to an inner-product space, where skew-symmetry of the
form is replaced by simple symmetry. Indeed, some results generalize as they depend only
on the non-degeneracy of the bilinear form, for instance partial application of the form 2
fixes a canonical isomorphism of V' and its dual:
Q:V — v
(2.1.8)
v— Qv, —);
On the other hand, the theory of inner product spaces and that of symplectic spaces
start to diverge very early on.
While the decomposition of V' we found in the previous proof is highly non-canonical
(we made a lot of arbitrary choices!), the dimensions of the decomposition depend solely on
Q). In particular, notice that 2 is non-degenerate iff £k = 0, hence we see immediately that,

in light of Theorem 2.2, a symplectic vector space is always even-dimensional.

Equation (2.1.5) prescribes we can always find a “nice” basis for V' in which Q can be

represented by a symplectic matrix:

0 I,
(2 1) "

Even if, as noted before, the choice of such a basis is far from unique, we’ll refer to it as

a canonical basis.



CHAPTER 2. SYMPLECTIC GEOMETRY 19

Definition 2.4. A subspace W of a symplectic vector space (V,€) is said to be sym-
plectic as well if (W, Q|y) is a symplectic vector space. If instead €|y = 0, the subspace
is called isotropic and its (2-orthogonal is then called coisotropic. When a subspace is
both, it’s named Lagrangian. and its (2-orthogonal is then called coisotropic. When a

subspace is both, it’s named Lagrangian.

Example 2.1. Let (V,Q) be a symplectic vector space with V' = {(ey, ..., e,, f1,..., fa)

where eq,...,e,, f1,..., fn is a canonical basis. Then

L. W ={ei,---s€ips firs---, fi,) where k <n, 1 <i; <nandis#iyif s# 5, isa

symplectic subspace of V.
2. W ={eq,...,e;,) where k <n, is a isotropic subspace of V

Thus the decomposition (2.1.3) (when U = 0, so € is non-degenerate) is a decomposition

of V' in minimal symplectic subspaces.

Definition 2.5. A symplectomorphism is a linear map ¢ : (V,Q) — (V' Q) between
symplectic vector spaces (V, ) and (V’,§Y') such that

o =Q (2.1.10)

where ¢« denotes the pull-back (recall (¢*Q')(u,v) := Q' (¢(u), d(v))). If such a ¢ exists,
(V,Q) and (V',Q) are called symplectomorphic.
This is equivalent to requiring that the following diagram commutes:

VxV —% R

{¢ lld) { (2.1.11)

VixV —% R

Remark 2.5.1. Notice that an homomorphism ¢ : V ~— V' between symplectic spaces is

forced to be an isomorphism by the compatibility condition with the symplectic forms.
Remark 2.5.2. In the case of symplectic vector spaces, Theorem 2.2 says that every

symplectic vector space of dimension 2n is symplectomorphic to (R?"*,Qy):

(V.Q) = (R, Q) (2.1.12)

Symp

<

where g is the symplectic matrix when seen from the canonical basis of R?". Notice
that for vector spaces equipped with a non-degenerate symmetric form (inner-product

spaces) the situation is different, since on R™ we can define at least n different metrics
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differing by signature, i.e. any real inner-product space (V, g) is isomorphic to a “canonical”

L0
gp=1" (2.1.13)
0 - n—k

space (R™, gg) of the form

for some value of k # n.

2.2 Symplectic manifolds

Endowing the tangent bundle of a manifold with a symplectic structure, we get the

differential analogue of a symplectic vector space.

Definition 2.6. Let M be a smooth, m-dimensional manifold. The 2-form w € Q?(M) is
a symplectic form if dw = 0 (it’s closed) and w|, is symplectic (on T*M) Vp € M. A
symplectic manifold is a pair (M,w) of a smooth manifold M and a symplectic form

w on it.

Therefore at each point p € M the tangent space T,,M is a symplectic vector space

with symplectic form wy,.

Remark 2.6.1. If w € Q*(M) is symplectic then dim M = 2n.
Example 2.2.

1. Any Euclidean space R?" can be equipped with the following form

wo = »_da' Ady' (2.2.1)
i=1
where 1, ..., %0, Y1, ..., Y, are linear coordinates on R?". With this definition wy

is, pointwise, the form €2y discussed previously. Moreover, it is closed as

dwo = d(dz' A dy')
= (2.2.2)
= Zd%i Ayt —dat Ad*y't =0

=1

2. The 2-sphere is a symplectic manifold. Indeed, consider its immersion in R? defined
as S? = {p € R*[||p|| = (p,p) = 1}. Then

T,5% = {v € R*| (v, p) = 0} = (p)* (2.23)
can be made into a symplectic vector space by means of

w|p(u,v) = {p,u x v), Vu,v € T,5". (2.2.4)
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which trivially defines a differential form w € 9Q?(S?). w is nondegenerate because
(p,u x v) # 0 when u # 0 and, for instance, v = u x p. Finally, since dim S? = 2,

the form w is necessarily closed.

Since dim 7, M = dim M, M inherits the condition on the dimension of 7T,M: M must
be even-dimensional. However this time, even-dimensionality is not a sufficient condition
for a manifold to admit symplectic forms. A further necessary condition is given by the

following proposition.

Proposition 2.7. Let (M,w) be a symplectic manifold, with dim M = 2n. Then the n-th

exterior power of w is a volume form, i.e. W™ # 0 everywhere on M.

Proof. The rank of w"\" € 2%"(M) is 2n, so the claim makes sense. Choose p € M now,
and fix a local frame Ey,..., E,, Fi,...,F, around p in such a way that it is in p a

canonical basis as per Theorem 2.2. Then:

Wgn(Ellpa T 7En|p7 F1|pa T an|p) = Wp(E1|p> F1|p) T '%}(En’pa Fn|p) =1 (2.2.5)
thus the form is everywhere positive. O
Corollary 2.7.1. If M is symplectic, it is orientable.

The obvious remark is then that non-orientable manifolds can’t be symplectic even
in the even-dimensional case; e.g. Mobius strip and the projective plane do not admit a
symplectic structure.

Other obstructions are given by topology. For example
Theorem 2.8. The 2-sphere is the only sphere admitting a symplectic structure.

Proof. In Example 2.2 we exhibited a symplectic structure for S2, so only we need to
prove any S** with n > 2 does not admit one. Let w € 2%(5?") be a closed form. Recall
H32r(S?") = {0}, as the only non-vanishing homologies (hence cohomologies by de Rham’s
Theorem) are the bottom and the top ones and we assumed n > 1. By definition of
cohomology, this means all closed 2-forms are automatically exact, implying there exists
an n € Q'(S?") such that dn = w. Hence, using Corollary 1.24.1 and Stokes’ Theorem:

M= d(n AW z/ AW =0 2.2.6
/Sznw o A AW )= | TN (2.2.6)

Then, by Proposition 2.7, it must be w = 0 thus not symplectic. O]
Remark 2.8.1. Notice the proof can be generalized to any compact manifold with

vanishing second cohomology. Moreover, it shows a symplectic form cannot be exact

on a compact manifold.
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Definition 2.9. Let (M;,w;) and (M, ws) be two symplectic manifolds of the same

dimension. A diffeomorphism ¢ : M; — M, is called a symplectomorphism if
Pwe = wy (2.2.7)

Remark 2.9.1. If N is a submanifold of a symplectic manifold (M, w) and (N,w|y) is sym-
plectic then N is a symplectic submanifold of M. In particular a symplectomorphism
¢: M — N is an embedding.

Remark 2.9.2. As with symplectic vector spaces, a symplectic form induces a natural
isomorphism of X (M) with Q'(M), which is the extension of the pointwise isomorphism

wp : TyM — Ty M, defined as before by partial application:

w: X(M) — QY (M)

(2.2.8)
X — ixw
The inverse map is
w QY M) — X(M) (2.2.9)
and it is defined as to satisfy
w(xw) = X. (2.2.10)

2.2.1 The canonical symplectic structure

on the cotangent bundle

The chief example of symplectic manifolds are cotangent bundles of smooth manifolds.
In fact, there’s a natural /canonical way to equip M = T*X with a symplectic structure.
Notice that dim 7" X = 2dim X so that, in principle, we can expect to assign a symplectic
structure to arbitrary cotangent bundles. Clearly, as we've seen, dimensionality isn’t the
only obstruction so we need to exhibit a symplectic form.

The construction of the symplectic structure exploits a particular, naturally defined,

1-form on T*X. The symplectic form will then be it’s exterior derivative.

Construction 2.10. Let 7 : T* X — X be the bundle projection. Notice that a differential
1-form on T*X is a function 7*X — T*T*X (with the additional condition of being
compatible with the fibers, more on this later) which is exactly the type of function dr*
is. If we unpack its definition from Construction 1.8, we get
dr* :T*X — T*T*X
(2,€) — (77 (), £ 0 dTr-1(s))

So the definition fails. We already knew this: we remarked that dF™ is well-defined if

(2.2.11)

and only if F' is a diffeomorphism, which is certainly not the case for 7. On the other
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hand, we can try to fix this pathology by finding another way to choose a “canonical”
element from 7~ !(z) in the mapping expression of dr*(x,&). Indeed, since 7 is surjective,
that’s the only obstruction! And we clearly see that those 7=!(z) can be unambiguously

resolved by simply using the argument of the sought function. So we define the mapping

a:T"X —T*T*X

(2.2.12)
(‘7;7 g) — ((%, 5)7 5 © dﬂ—(a:,f))
or, using the fiberwise duals (Construction 1.7):
a(z,§) = dn(, ¢f. (2.2.13)

This is clearly well-defined as the domain of d7T2<L£) is precisely ThaT™X. The 1-form we

just defined is called Liouville form or tautological one-form.
The name tautological comes from the following property: for every p € Q'(X),

proe=p (2.2.14)

where p* is the pullback of ;1 when seen as smooth map X — T*X.
Let’s compute what this form looks like, fixing coordinates on the involved spaces.
Notice, first, that coordinates on X suffice to fix relevant coordinates on both 7*X and

T*T*X, by using the induced reference frames as bases for the fibers:

Space | Local frame Coordinates
X (does not apply) (', ... 2™)
T*X | (dz',... dz") (xl, . 2 €€
T*T*X | (dot, ... dz",det, ... de™) | (2b, ... 2™ & € Xt ™)

Basically, for T*X and T*T™* X, the second half of the coordinates are just the compo-

nents with respect to the local frame on their left!.
When we focus on a single fiber half of the coordinates become superfluous

since are fixed by the choice of fiber. Therefore a covector £ € 7' X will be written

as
£ = &(w)dr’|,, (2.2.15)

while x € T, - T"X (a double covector?) as

X = X;(2,6)dr |(@e) + Xj4n (2, §)dE |2 (2.2.16)

I This is doable for any locally trivial vector bundle: any point y € E of a vector bundle 7 : E — M

can be thought as a pair (7(y),v) so that we use the coordinates of M for the first component, and

components with respect to the local frame induced by the coordinates of M on E(, for the second.
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In this setting, 7 : T* X — X is the following map

m(x, &) =nm(xt,. . 2™ & &) = (2t 2", Y(x,€) e THX (2.2.17)

whose differential, expressed as its Jacobian matrix, is then

dm(z6) = <3i7rj)|(x,g) = (gﬁ; ZZZ) |(@,6) = (I 0) : (2.2.18)

Then

. o’ on/ (2.2.19)
a(,€) = dnf, g€ = o dng = &7 de’ [we + & @dgkl(m@ = &ida"| ()
The “canonicity” of « is also witnessed by the following fact:

Theorem 2.11. Let F : X; = X, be a diffeomorphism and o, 3 the Liouville forms
respectively on X, and X,. Call F the dual morphism induced by F~1. Then F*§ = a.

T*X, —F  T*X,

lm l 2220)

X, —r X,

Proof. For each (x,&) € T* X,
Fl@,8) = (F(x), d(F ), 08), (2.2.21)

so that

(F*B)(x,ﬁ = ﬁf(a: £ © dfxg)
= d(F™"){, € © d(T2) Fae) © A(d(F™1)) g

= ¢od(F~ 1) (z,¢) © d(m2 0 d(F~ h* )(2,6) by chain rule (2.2.99)
= o d(F ") o d(F om)ue by Diagram 2.2.20
= {0 d(m)@we
= d(m)(p.8 = Uae);
which amounts to the thesis. O

Definition 2.12. The canonical symplectic form on 7*X is

w= —da (2.2.23)



CHAPTER 2. SYMPLECTIC GEOMETRY 25

Notice the minus sign, that’s unavoidable and rigs pretty much all symplectic geometry.

With the same coordinates we used before, w is

w = —duo

= —d(&;d’) (2.2.24)

— —dg Ada? — & NPE =S dET A da?

=1

2.3 Symplectomorphisms and Lagrangian manifolds

Theorem 2.11 says the pullback of (f~1)* : T*X; — T*X, is a symplectomorphism. In

particular, when X = X; = X5, there’s a natural morphism of groups,
Diff(X) ——— Symp(T*X,w), (2.3.1)

whose domain is the group of diffeomorphisms of X and whose codomain is the group
of symplectomorphisms of (7*X,w). Recall that X lives inside T*X as its zero section,
thus the morphism is actually an inclusion, justifying its depiction by an hooked arrow.
However, this map is not onto, since not all symplectomorphism arise in this way: for
instance, translation along fibers of 7 X is not in the image.

This leaves us with the problem of finding these additional symplectomorphisms.
If diffeomorphisms of the base space are too few to induce all of them, conversely
diffeomorphisms of the total space are too many and we need to weed out all the ones
which aren’t preserving the symplectic structure.

Luckily, a new geometric concept comes to help:

Definition 2.13. A submanifold Y of a symplectic manifold (M, w) is called Lagrangian

when
1. dimY = %dimM and
2. Y is isotropic, i.e. if 1 : Y < M is the embedding of Y, then t*w =0

These submanifolds are closely related to symplectomorphisms. A first hint comes

from the following result.

Exercise 2.3. Let M = T* X for a smooth manifold X, along with its canonical symplectic
structure. Prove the graph of a € Q'(X) defines a Lagrangian submanifold of M if and

only if « is closed, that is da = 0.
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Proof. Indeed, let I" be the graph of a. Then I' is trivally an embedded submanifold of
M of dimension %dim M. Fix now coordinates as in the construction of Liouville’s form.

For the isotropy condition, a quick computation gives

&t
de=1| " U (2.3.2)
é@-ozi 0

from which

Vw =Y dtda! ANSdE =) 8da? A (0j0p)da? = —da (2.3.3)

j=1 j=1
giving the claim. O]

Consider now two symplectic manifolds (M7, w;) and (Ms, ws), with the same dimension

dim M; = dim M. We can endow M; x My with two different symplectic structures
Wi = priw; & pryws (2.3.4)
where pr denote a projection map.

Theorem 2.14. A diffeomorphism ¢ : My — M, is a symplectomorphism if and only if
its graph submanifold

Ty ={(p,¢(p)) |p € M1} ———— M x My (2.3.5)
s Lagrangian with respect to w_.
Proof. As dim M; = dim M, (because they’re diffeomorphic through ¢),
dim Ty = dim M, = ;dim(Ml X My). (2.3.6)
Moreover, We have
Cw_ =1 priw; — prjws = (pry o t)*wy — (pry o t) we (2.3.7)

Since ¢ sends p — (p, ¢(p)), composing with the projection on the first component yields
idys,, and composing with the other projection yields ¢. Thus

Vw_ =id"w; — ¢ wo (2.3.8)

Implying
(b*wg =W < Uw_ =0 (239)

which is the claim we wanted to prove. O
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Remark 2.14.1. The theorem does not state any Lagrangian submanifold is the graph of a

symplectomorphism: it is assumed, a fortiori, that ¢ is a diffeomorphism.
This result, combined with Exercise 2.3, gives us a systematic way to produce sym-

plectomorphisms of a cotangent space.

Construction 2.15. In the case M; = T*X; and M, = T* X5, along with their canonical

symplectic structure, then
T"X1 x T Xy = T"(X1 x Xo) (2.3.10)
and the space is symplectic with symplectic form
w_ = —d(prjag — pryas). (2.3.11)
On the other hand, the canonical symplectic form on 7*(X; x X5) is
wy = —d(priag + pryas) (2.3.12)

By Exercise 2.3, we know how to construct Lagrangian manifolds on 7*(X; x X,) with
respect to its canonical symplectic structure as cotangent bundle. However, Theorem 2.14
refers to the other symplectic structure of 7*(X; x X5), obtained from its product structure.

Thus we leverage the following procedure:

1. Produce a Lagrangian submanifold of 7*(X; x X5) with respect to w,: choose any
function f € C*(X; x X») and consider I'yy = {(x,y,d.f,d,f) | (z,y) € X1 x X5}

2. Twist the graph to fdf ={(z,y,d.f, —d,f) | (xz,y) € X; x X3} (because the only
difference between w, and w_ is exactly this twist on the second factor) to get a

Lagrangian submanifold with respect to w_.

3. For fdf to be the graph of a diffeomorphism ¢ : T*X; = T* X, it needs to satisfy
a local condition: it must not be “vertical” at any point on the T X;-T* X, plane,
that is, the projection pry : fdf — T X7 must have no critical points. This means

2f
det ( 5 W,) £0 (2.3.13)

If this is satisfied, then ¢ sends the first and third component of a point in f‘df to

the second and fourth components:

¢ (z,8) = (y,n) (2.3.14)
where

o g%;w) (2.3.15)

i = —@(w, y)
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Eventually, in the case X7 = X5 = X, we just explained geometrically how canonical

transformations of a phase-space manifold arise from generating functions [ €
C*(X x X).

2.4 Darboux’s Theorem

We’ll now pursue a local description of symplectic manifolds. For this section, refer to

[cannas2005symplectic] and [cannas2005symplectic].

2.4.1 Tubular neighbourhoods

Definition 2.16. Given a closed embedding ¢ : X < M of a k-dimensional submanifold

X into its n-dimensional ambient manifold M, its normal bundle is

NX :=TM/TX (2.4.1)
defined pointwise on X.

Definition 2.17. A tubular neighbourhood of X is an open neighbourhood U of +(X)
in M diffeomorphic to a convex? neighbourhood Uy C NX of the zero section of the

normal bundle.

The convexity condition means that Uy N N, X has to be convex as a subset of the
vector space N, X.

Hence the situation is the following:

NX DO U

(2.4.2)

Lo

where 7 is the bundle morphism, ¢ is the diffeomorphism we ask for in the definition

and 7 arises from commutativity of the diagram.

Topological properties of tubular neighbourhoods. The choice of properties of a
tubular neighbourhood is tuned as to make it a very useful tool to probe the de Rham
cohomology of X. From 1.3.2 we know two spaces have the same cohomology when they are
homotopically equivalent. Indeed, notice ¢ = idx already. On the other hand we clearly

don’t have (7 = idy. However, ¢7 is still homotopic to the identity, thanks to the convexity

2Tn a vector space, a subset is convex if any convex combination of elements of the subset is still in
the subset.
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condition on Uy. In fact Uy is just a fattening of X and diffeomorphic to U, so that U
contracts to X as well. In this way id ~ (7. Then (v7)* = 7** = idy; : H5,(U) — HY,(U).

*

Hence, 7* is an isomorphism of de Rham cohomology groups, which means

HEL(U) = HY(X). (2.4.3)

2.4.2 Moser’s theorems

Theorem 2.18 (Moser’s First Theorem). Let (M,w; = (1 — t)wy + twy) be a symplectic
compact manifold for each t € [0,1], and Wy = wy € H35(M). Then there exists
p: M xR — M such that p; : (M,w;) = (M,wy) is a symplectomorphism for all t € [0,1].

The idea is that if you have a “flowing” symplectic structure, you can compensate by a
“flowing” change of coordinates. This is given by a one-parameter group of diffeomorphisms,
hence by the flow of a vector field on M. In this vein, the theorem is basically equivalent

to the following:

Lemma 2.19 (Moser’s trick). Under the assumptions of Moser’s First Theorem, there
exists V; € X(M) depending smoothly on t and such that

dw
Ly,w; + th = 0. (2.4.4)

Proof. Notice that %wt = wy — wy, and since wy and wy are cohomologous, their difference
is cohomologous to 0 € H35(M). This means that w; — wy = du for some u € QY (M).
Moreover, by Cartan’s magic formula

Ly,w = diy,wy + Ly, dwy. (2.4.5)

Hence the equation we want to prove has been reduced to

d(tywy +p) =0 (2.4.6)

which of course holds in particular if ty,w; = —p1 (Moser’s equation), i.e. when
Vi = —w; (). (24.7)
O

Proof of Moser’s Theorem (2.18). Let p; be a flow as claimed. Then if V; is the vector

field associated to it (i.e. its derivative®), we can write

d dw

g P = pr (ﬁvtwt + dtt) : (2.4.8)

Then we see that, as M is compact, we could reverse the argument and get all of p; by

integration of V;, which is given to us by Moser’s trick. O
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Remark 2.19.1. Moser’s Theorem can be proved also in the more general case where w; is

a continuous curve inside a single cohomology class, that is

d _
goi=0e H3p(M). (2.4.11)

A simple application of this is that if (M, w) is symplectic and n € Q' (M), then (M, w-+dn)

is symplectic as well and symplectomorphic to the original manifold.

Theorem 2.20 (Moser’s Relative Theorem). Let (M, wq) and (M,w;) be two symplectic

structures on M, 1 : X — M a closed embedding of a compact submanifold such that
wolp = wilp, Vpe X (2.4.12)

Then there are neighbourhoods Uy and Uy of «(X) and a symplectomorphism ¢ : Uy = Uy,
which on X restricts to the identity, such that

¢

(Uy,wo) (Ur,wn)

/ (2.4.13)

X

Proof. Choose a tubular neighbourhood Uy of X. Again, under the given assumptions
on wy and wy, wi|y, — woly, = dp for p € QY (Ty). Let w; := wp + t(wy — wo) = wo + tdpu.
This is symplectic for generic ¢ € [0, 1], hence shrinking Uy if necessary we can assume w;
is symplectic on Uj.

To see the shrunk neighbourhood does not degenerate, notice that
{(p,t) € M x [0,1]| det w(p) = 0} (2.4.14)

is closed. Same for ¢(X) x [0, 1]. Then as the two do not intersect, they can be separated
by an open neighbourhood around ¢(X) x [0, 1], whose projection on the first factor
contains a tubular neighbourhood.

Solve now Moser’s equation in this neighbourhood. We get then a flow p; : Uy x [0, 1] —

M which carries w; to wy for each t € [0,1]. To see we proved the theorem, set ¢ = p;

3We have to be careful about the meaning of the parameter ¢! There are two different “times” to

consider in a similar flow, indeed, p; satisfies the following ODE:

d _
Vi= = (pupi Dlmt (2.49)

It’s like an usual flow in which vectors, however, change with time (non-autonomous flow), so at time ¢
the curve has tangent vector V;. For comparison, this is the equation in the autonomous (i.e. the field
doesn’t vary with time) case:

d
V= plo. (2.4.10)
S
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and Uy = p1(Up). Since wi,(x) = woly(x) We have py|x = idx V¢, hence in particular for

p1 = ¢, concluding the proof. O]

Theorem 2.21 (Darboux). Let (M,w) be a symplectic manifold and p € M. Then there

exist a chart (U, (x',... 2"y, ..., y")) around p such that, on U

w= En: dz' A dy'. (2.4.15)
i=1

Proof. Fix a symplectic basis for (T,M, w,) (following the procedure given in Theorem 2.2)
so that w, = 37, dz”'|, A dy''|, in those coordinates. By triviality of the tangent bundle,
these coordinates are actually valid in a whole open neighbourhood U’ of p, so that around
p we get to define a symplectic form o’ = ", dz" A dy’’. Then by Moser’s Relative
Theorem applied to X = {p}, w is equivalent to w’ on a neighbourhood U; N U’ of p,
thanks to a diffeomorphism ¢ : Uy — U;. Hence setting 2 = 2% o ¢, y' = ¢ o ¢, we are
done. O]

Remark 2.21.1. The three theorems exposed in this section form a hierarchy of results
about symplectomorphisms of (M, w) fixing an immersed symplectic compact submanifold
(X,w'). Moser’s Theorem addresses the case X = M, Darboux’s Theorem addresses the
case X = {e} and Moser’s Relative Theorem addresses any other case in-between (be

careful about the little differences between the three theorems, though).

Remark 2.21.2. What can we say about the different symplectic structures a manifold ad-
mits? Are they all symplectomorphic? A different yet related question is: are there some
invariants which can discern between non-equivalent symplectic structures?
Gromov proved a result stating that Symp(M,w) (the group of symplectomorphisms of
(M,w)) is either dense or closed in Diff (M) (Gromov’s alternative). In the first case, it
would have meant that symplectic topology is undistinguishable from differential topology,
yet it was later proved that the second case holds, so that there is interest in studying the
symplectic structures of a manifold. However, this no easy task. In fact, Darboux’s theo-
rem tells us symplectic structures have no local invariants: to distinguish them you
have to look at global data, which is harder to work with. For example, we’ll immediately
see in the next chapter that a very intuitive cohomology theory fails to classify symplectic
structures (while its later extension to Poisson structures partially succeed to do this).
An algebraic invariant which accomplish this is called Floer cohomology, and requires

more machinery than what we’ll see here.



Chapter 3
Hamiltonian mechanics

In this chapter, we’ll study how a symplectic structure may be used to produce a dynamics
on the manifold. This is accomplished by using so-called Hamiltonian vector fields. The
physical interpretation of the whole construction will be given, and we’ll conclude by

proving a result about the general properties of the dynamical systems we get in this way.

3.1 Hamiltonian vector fields

Definition 3.1. Given h € C*°(M) on a symplectic manifold (M,w), the Hamiltonian
vector field associated to h is the vector field X, € X(M) such that

Lx,w = dh (3.1.1)

or equivalently

Xy = w (dh). (3.1.2)

Definition 3.2. A vector field X € X(M) is Hamiltonian iff there exists a function
h € C>*(M) such that
Lxw = dh. (3.1.3)

The subset of Hamiltonian fields is denoted by XH(M).

Notice the Hamiltonian condition is equivalent to require (xw to be exact.

By analogy then we could conceive the following definition:

Definition 3.3. A vector field X € X(M) is symplectic iff
d(txw) = 0. (3.1.4)

The subset of symplectic fields is denoted by X5(M).

32
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Remark 3.3.1. These two kinds of fields are related in the same way exact and closed form

lul lwl ‘wl (3.1.5)

Moreover, w1 carries the R-module structure downstairs: indeed, the linear combination

are related:

of Hamiltonian (resp. symplectic) fields is still Hamiltonian (resp. symplectic). This
means the obstructions for a symplectic vector field to be an Hamiltonian one
are encoded by the same cohomology data for differential forms, i.e. the module
H}p(M). If one wonders wheter this could be extended to a whole cohomology theory, the
answer is yes, although we’ll need to wait the more general context of Poisson manifolds.
The “symplectic cohomology” we’ll get, however, will be canonically isomorphic to de
Rham cohomology, as the first cohomology witnesses. As remarked in the previous chapter,
this means that this flavor of cohomology is not enough to discern symplectic structures
on M.

Example 3.1. Let M = T? with symplectic form w = df; A df,. The chosen coordinates
represent angle variables around two closed circles around the torus, (for simplicity, we
can think of them to be around the “principal” directions of the torus). Consider the fields
X1 = 0pn and Xy = —0p2: they are symplectic but not Hamiltonian. Indeed, Lx,w =0
for both 7 = 1,2 but

Lx,w = do*" (3.1.6)

which is not exact since ¢’ can’t be defined globally: they are only defined locally (at
most on the whole torus with two independent! circles removed). Anyway, df° does define
a differential 1-form on the whole space (intuitively, since differentiating eliminates the 27
jump discontinuity which prevents a global definition). Actually this is the whole point of
the first cohomology group: df;,df, generate H's(T?) which is, indeed, R x R.

Remark 3.3.2. An equivalent condition for a vector field to be symplectic can be obtained

through Cartan’s formula. In fact,
dixw = dixw + txdw = Lxw, (3.1.7)
so that a vector field is symplectic if and only if

' Non-homotopic, non-contractible loops which wind once.
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Theorem 3.4. The 1-parameter group of diffeomorphisms ¢, : M = M associated to a

symplectic vector field X preserves the symplectic structure:
drw = w. (3.1.9)
This means that the group is actually a group of symplectomorphisms.
Proof. Follows from Equation 2.4.8 and Remark 3.3.2. m

Example 3.2. Let M = S? with the symplectic structure given by the mixed product.

Consider the immersion given by cylindrical coordinates

1:8% — R3
(3.1.10)
(0,h) — (V1 —h%2cosf, V1 — h%sinf, h).
Then
1(Op) = Opx0y + Ogy0y + 0920, = —y0, + x0,
) (3.1.11)
L*(ah) = 6;,,9(:893 + 8hy8y8hzaz = U

where in the second computation we made the substitution cosf = x/v/1 — 22 and
sinf = y/v/1 — 22. We use these to compute the symplectic form in coordinates. In truth,

we already know

w(ag,ag) = w(@h,ﬁh) =0 (3.1.12)

by antisimmetry, so we just go for the mixed one:

w(ﬁg,ﬁh)(:c,y, Z) = <($7yyz),b*(5’g) X L*(ah>>
2 2
Yy z Tz
= <<J],y, Z)’ maz + yay + maz + xa;B)
(2 +7%)>

1 =72

(3.1.13)

= <(x,y,z),xﬁx+y8y+ az)

=1.

So that w = df A dh.

Now consider h € C*°(M) given by the “height function”, so — by an happy coincidence
of notations — literally the coordinate h on S?. Its Hamiltonian field is defined by tx,w =
dh so that X} = 0y, whose 1-parameter group of diffeomorphisms is ¢;(0,h) = (6 + ¢, h)

(a rotation of angle ¢), which evidently preserves the form w.
Theorem 3.5. Let h € C*°(M). Then h is constant along the flow of Xj,.

Proof. We check Xj,(h), the derivative of h along the field Xj,:

Xh(h) = dh(Xh) = Lthh = lx,lx,w = 0. (3114)
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Corollary 3.5.1. Integral curves of Xj are contained in the level sets of h.

Indeed, in Example 3.2 we took the height function on the sphere as Hamiltonian an
indeed the group we got was rotations at a fixed height, i.e. the flow lines were parallels

on the sphere.

3.2 Physical meaning of a symplectic structure

We’d like now to justify our mathematical definitions in terms of the properties we want

an Hamiltonian physical model to have.

Construction 3.6. The starting point of any such model is the space of possible physical
states of a chosen physical system, i.e. the set of its positions and its momenta. This is
assumed to form a smooth manifold M, called the phase space. We model physics as
some rule associating, to a given energy function h € C>*(M), an evolution of
the physical state on the phase space. We can think of such an evolution as the flow
of a vector field X}, associated to h, although it should only depend on energy differences
between states, hence on dh.

To produce such a vector field we necessarily need to make a choice of equations: this
is where physical experience enters in the model. In the simplest case, we adopt Newton

equations:

v

— = mi (3.2.1)

F =

which can be rewritten in terms of

(mi)? .

Ulrx)= K U

5 TU@) (@) + (z) (3.2.2)
kinetic energy = potential energy

h:

as

1 Oh

m 0% (3.2.3)
1 Oh

R
m Ox

The dependence of X}, on dh is then linear, meaning it can be given at each point p € M

T =

by a linear map T;M — T,M. Geometrically, such a smooth choice of linear maps
is encoded by a tensor field n € I'(T'M ® T'M), so that X;, = n(dh). In this sense, n
is the mathematical incarnation of the laws of physics, because it associates
evolution to energy. If we assume? all energy gradients produce a non-zero dynamics
then 7 is non-degenerate; hence we can work with its “inverse” (pointwise as a map)
instead, call it w € I'(T"M ® T*M).

2This is not always true! We’ll see some instances of this and we’ll introduce a formalism to treat

those cases as well, the one of Poisson manifolds.
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Now properties of w, which is our “wannabe” symplectic form, will come from two
additional modelling assumption. The first is conservation of energy, which is the
condition X (h) = 0. Expressed in terms of w, it becomes w (X}, Xj) = 0. Since this has
to be satisfied by all choices h € C*°(M), including — locally — the coordinate functions
2" (thus on a local frame for TM), hence, locally, w(X, X) = 0 for any vector field X,
which means w is skew-symmetric (w € Q*(M)).

The second assumption is to have non-changing laws of physics (now embod-

ied in w), which translates mathematically to:

where ¢, : M — M is the flow of X},. Notice, again, this must be true for any choice of

h, so that by the same computation we did to prove Theorem 3.4, it implies dw = 0.

Now let M = T*X for some smooth manifold X, which we think as to represent the
configuration space of a mechanical system, and let w = —da = da? A d€; be the canonical
symplectic structure on M. Fix a function h € C*°(T*X). Then its Hamiltonian vector

field is obtained by applying the graded Leibniz rule for the interior product:

oh oh
X)) = o0y — ——
4 agjam O

which corresponds very naturally to the vector field we got from Newton’s

O (3.2.5)

equations. Indeed, they’re the same up to rescaling by a factor 1/m. Somehow, this
“trick” to lower Newton’s equations to the first-order, when taken seriously and globally

on the configuration space, gives us the symplectic structure of T*X.

3.3 Poisson brackets

We’ve seen in the previous sections that the dynamics on a symplectic manifold comes,
in the first place, from a function h € C>°(M). Moreover, in the physical interpretation
of a symplectic manifold we can also imagine the smooth functions on M to represent
observables of the system, i.e. quantities we can measure at any given state p € M. Then
we might try to find a way to study not only the dynamics of the system, but also the
dynamics of the observables themselves.

To do this, we introduce a formalism which relies solely on the functions C>*(M). It
will be so powerful that, as we’ll see later in these notes, we will able to dispense with the
fields X}, altogether.

Definition 3.7. The Poisson brackets of two functions f,g € C*(M) is defined as

{f,9} = w(X;, X). (3.3.1)
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Theorem 3.8. For all f,g,h € C°(M), the Poisson brackets satisfy the following prop-

erties:

1. Bilinearity:

{af + By, h} = oA [, g} + 5{g,h} (3.3.2)
for any o, p € R;
2. Skew-symmetry:
3. Letbniz rule:
{f.gh} ={f,9}h + g{f. 1} (3.3.4)

forall f,g,h € C®(M);
4. Jacobi identity:
{£ 49,03} +{g. {h, f}} +{h.{f,9}} =0 (3.3.5)
forall f,g,h € C®(M).
Theorem 3.9. Let U,V € X5(M) be symplectic vector fields, then
U, V] = =X, (3.3.6)

Proof. Fix an atlas, we’ll verify ¢y yjw = —d(w(U,V)) using coordinates computation.

We'll use of the following facts (the order reflects where they are used in the computation):

1. The Lie derivative of a tensor is found by successively saturating the involved
indices (one for the derivative + all the indices of the tensor) with the vector field

we are differentiating along, so in particular for a 1-form, it is
Lon = [U"(0um5) + (95U )] da” (3.3.7)
while for a 2-form, it is
Low = [U"(0,wap) + (0aU")w,us + (05U )way] dz® A da®. (3.3.8)
2. Cartan’s Magic Formula (1.4.5).
3. The fields U and V are symplectic, hence

dipw = diyw = 0. (3.3.9)

Together with the above facts, two algebraic tricks are used:
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1. In the second line, we use the “inverse” Leibniz rule:
(0,V*)wap = 0,(VOwaB) — V¥ (0uwap) (3.3.10)
2. In the third line, we add and substract the identical terms marked in blue.

The computation goes like this:

qyw = (UH(8,V) = VH(8,U%)) wapda”
= U"0,(V Wap)da” — UPV*(0pwap)dz’ — VH(0,U*)wasds”
= UM(0,V “Wap)dz’ +(05U")V W, ,dz”
— UMV (0uwap)da’ — VH(OuUM)w,pdz” =V (05U )wa,da” (3.3.11)
= Ly(tyw) — 1y (Lyw)
= diytyw — tydeyw — Ly digw + tyegdw
= —d(w(U,V)).

Then the theorem is proved by definition of Hamiltonian vector. O]

Remark 3.9.1. A fruitful reading of the last theorem is the set of symplectic fields is
closed under the operation of taking commutators. The same applies to Hamilto-
nian fields since the result of the commutators is Hamiltonian and Hamiltonian vectors
are symplectic. Therefore, the downstairs inclusions of Diagram 3.1.5 get promoted to
inclusions of Lie algebras:

(M) c xX(M) C X(M). (3.3.12)

LieAlg LieAlg

Corollary 3.9.1. The Poisson bracket puts a Lie algebra structure on C*°(M), and the

assignment of the Hamiltonian field

(COO(M>’ {_7 _}> — (%Ham(M>7 [_7 _])

(3.3.13)
f — Xf

is an antimorphism of Lie algebras, surjective (by the very definition of Hamiltonian

vector field), but not injective (as f and f + cost. have clearly the same image under this

map).

Definition 3.10. A Poisson algebra (P,{—,—}) is a commutative associative algebra
P equipped with an additional Lie algebra structure {—, —} which satisfy a Leibniz rule

relative to the algebra product:
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The flow ¢; of X}, encodes the evolution of the state of the system under the Hamiltonian
function h € C*(M). Evaluating f on ¢, makes f a function of time, thus providing a
function f(t) which spits out the value of f on the state reached by the system at t. Using

the Poisson brackets, we can skip a step and get the evolution of f directly:

Theorem 3.11. Let f,h € C*°(M). Then the evolution of f on the flow of X}, is given
by the bracket with h:

af
== {f.h} (3.3.15)

Proof.
S Xalh) = (X 1,0) = i = (X, X0) = (7,1} (3.3.16)
O

3.4 Integrable systems

Definition 3.12. We call Hamiltonian system the data of a symplectic manifold
together with a fixed choice of Hamiltonian h € C*(M).

Definition 3.13. Let (M, w, h) be an Hamiltonian system. A function f € C*(M) such
that {f, h} = 0 is called an integral of motion of the system.

The great insight of Hamiltonian formalism is that integrals of motion are the key
to describe explicitly the evolution of a system. This intuition can be justified by
the geometrical treatment we have given so far. Hence this section will be devoted to
this purpose, and will culminate with a structural result about Hamiltonian systems, the

Arnold-Liouville Theorem.

Definition 3.14. A set of functions fi,..., fr € C>*(M) is said to be in involution or

to commute if

{fi i} =0, Vi,j <k (3.4.1)

Construction 3.15. Let (M, w) be a 2n-dimensional symplectic manifold, let hq, ..., h,

be functions in involution and let finally ¢ € R™ be a regular value of

H:M—R"

(3.4.2)
pr— (hi(p),- .., hn(p))

meaning that dhy|p, .. .dh,|, are linearly independent at each p € H'(c).
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By the implicit function theorem, H '(c) is a submanifold of M and its tan-

gent spaces are generated by the Hamiltonian vector fields associated to the

functions hq,..., h,: indeed,
T,H '(c) = {X, € T,M | X,(h;) =0 Vi < n} (3.4.3)
and
X, (hj) = w(Xn,, Xn;) = {hi, hj} =0 (3.4.4)

and the X, are independent. Moreover, this computation also shows H !(c) is
a Lagrangian submanifold of M, since it has dimension n and w vanishes on its

generators. Then H is said to be a Lagrangian fibration.

Definition 3.16. A set of functions fi,..., fr € C>°(M) is said to be independent if
Vp € M, dfi|p,...,df,|, are linearly independent over T M. (3.4.5)

Construction 3.15 then shows that:

Lemma 3.17. A set fi,..., fi of functions independent and in involution generates an
tsotropic distribution, which means at every point x € M they span a subspace of T, M

depending smoothly on x
(Xpiles - Xpla) Vg M (3.4.6)

ec

such that
wX,Y)=0, VXY e (Xy,...,Xp). (3.4.7)

In particular, when k = %dim M, the distribution is Lagrangian.

Definition 3.18. An Hamiltonian system (M, w, h) is called completely integrable if

it possesses n = %dim M integrals of motion which are independent and in involution.

3.5 Arnold-Liouville Theorem

Example 3.3 (Pendulum). When dim M = 2, every Hamiltonian system whose energy
function h is not closed (dh # 0) is an integrable system (because we need just one
function, and we have h already). The configuration space of a simple pendulum is
S1, and thus M = T*S' = S! x R is such a 2-dimensional Hamiltonian system, with
Hamiltonian given by the energy function:
£2
2m o2

h(0,€) = + ml(1 — cosb) (3.5.1)
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where m is the mass of the pendulum and ¢ the length of the rod. The parameter 6 will
refer to the anticlockwise angle measured from the down direction. We choose units as to
have m = ¢ = 1. Then

52
h(f,¢&) = 5 T 1 — cosé. (3.5.2)

We plot the level sets of h:

3.0

Figure 3.1

The critical points of A can be read from the expression of dh: £d§ + sin 6df, and are

In these points, the system is not integrable anymore (as h is not regular, see Construc-
tion 3.15), so we remove them from the manifold M. In this new manifold, which is again
symplectic and smooth, the system is everywhere integrable and its integral submanifolds
are either circles (for closed orbits) or copies of R (for the extremal orbit which is a circle

with two points removed, as well as for larger orbits which are unaffected).

It is somewhat surprising that the fibration phenomenon we have seen at the end of
Example 3.3 is not peculiar to that example: integral submanifolds happen to be
always tori or Euclidean spaces. This is the subject of Arnold—Liouville Theorem.

We start with some vocabulary:

Definition 3.19. A locally trivial surjective submersion is a surjective submersion
f M — N such that there exists a manifold F' and for every point p € N there exist an
open neighbourhood U and a diffeomorphism f~}(U) = U x F which makes the following

commute:

M S fYU) ¢ UxF

\ (3.5.4)
f |2
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Definition 3.20. A proper map f: X — Y, where X and Y are topological spaces, is

a continuous map such that f~! maps compact sets to compact sets.

Lemma 3.21 ([mo2019properness|). Any surjective submersion with compact and

connected fibers is proper.
Lemma 3.22 (Ehresmann). Any proper surjective submersion is locally trivial.

Theorem 3.23 (Arnold—Liouville). Let (M,w) be a symplectic manifold equipped with
hi,..., h, € C®(M) functions in involution and define H = (hy,...,h,) : M — R".
Suppose H is a Lagrangian fibration; i.c. its fibers are Lagrangian submanifolds of
constant dimension. Let p € M such that the flows of Xp,, ..., Xy, , starting at p, are
complete®, and call F®) the connected component of H*(H(p)) containing p. Then

1. F®) s diffeomorphic to R** x T* through a diffeomorphism that maps the flows of

X, ... X to linear flows on R* % x T*: i.e. a linear R™-action on R" % x T*.
19 ) n ) )

2. in a neighbourhood of F®) the functions hy, ..., h, can be completed to a system

of Darboux coordinates;

3. the set M of points whose fiber is compact is open, and H |y, is a locally trivial

Lagrangian fibration with fiber T";

4. in a neighbourhood of each fiber of H|yp. there exists a system of Darbouz coordi-
nates formed by n angle variables on T" and n integrals of motion called action

variables (where the term action comes from their physical meaning).

Remark 3.23.1. The statement of the theorem is agnostic about the choice of
Hamiltonian function. Indeed, it is not about Hamiltonian manifolds but about
symplectic ones with n functions in involution. Basically, this comes from the fact that
the choice of h is (from the mathematical point of view) arbitrary, since it comes from
the physical situation: the mathematical content of the Hamiltonian formalism is given

solely by the set of functions in involution.

Remark 3.23.2. The condition on H is artificial since, following Example 3.3, we can
always remove from M the critical points of H and apply the theorem to M \ crit H (such
a subset is always open, because it is the preimage of the open set of non-critical values).

On this manifold H is a fibration and by Construction 3.15 its fibers are Lagrangian.

3Which means that the flow ¢; is defined for all t € R, or — equivalently — that it is infinitely

prolongable. This is always the case when M is compact.
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Remark 3.23.3. To state the theorem globally (since any local statement about a symplectic
manifold is trivial) we must ask for completeness of the flow. Indeed, to get fibers

diffeomorphic to R and T! we need complete flow lines.

Remark 3.23.4. The fourth statement only makes sense because of the previous one,
otherwise there wouldn’t be a way to extend the angle variables on a fiber to the

neighboring ones. Moreover, in general the action variables will be a “straightened-up’

version of the integrals of motions, hence not the same.

Proof.

1. We use the 1-parameter diffeomorphism groups ¢§(h1, e ,qﬁf(h" of the given vector
fields Xy, ,..., X}, to build an action? of R™ on F'®) by defining

bar.m () = dp" 0. ogptn, Vo e F® (3.5.5)

It is well-defined (as a group action) by virtue of the commutativity of the flows,
which they inherit from their vector fields:

X X
¢(t1+81,...,t"+8")('r> = ¢t1}-;-181 O0...0 thn}rsn

= ¢ﬁh1 o (bﬁhl o...0 i,ih" o Gatm (3.5.6)

S"

:qbﬁhlo...ogbfgh”oéihlo...o X

Moreover, it is a transitive® action by the following argument. It’s easy to see
each point z € F® has an open neighbourhood on which the flows, starting from
x itself, define a chart. This is true because the fields are independent, so we can
appeal to Frobenius’ Theorem (Theorem 1.21). To show transitivity, we need to
show any two z,y € F® can be linked by flow lines. So pick a curve connecting
x and y (it exists since F®) is connected by assumption). By compactness of the
curve, a finite number of the charts we defined using the flows suffice to cover the
whole path from x and y, and we can assume the chart centered at x and the one
centered at y to be in the covering. Now starting at x, follow the flow lines until
they meet a point in the next chart, and then pick up another flow line of the
second chart from there, and so on until we reach y. Clearly this defines a single

segment of a flow line linking x to y, implying ¢ is transitive.

We then notice that, locally around any point, the action is free® (indeed, as we

already observed, each point is the center of a chart given by the flows) meaning the

4An action of a group G on the set M is an homomorphism of groups f : G — Aut M, i.e. an

assignment of permutations of M to elements of G, such that f(gh) = f(g) o f(h) for every g,h € G.
5An action of a group G on the set M is transitive iff for every pair of points p,q € M, there is a
g € G whose action brings p to q.
6An action of a group G on the set M is free if the identity of G is the only element inducing the

identity on M.
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stabilizer of any point is a discrete subgroup of R™. Such a subgroup, we’ll call it T',
does not depend on the point we chose on F®) (we can show this using transitivity
of ¢ and abelianity of R™). Moreover, a discrete subgroup for R can only be a
lattice of points generated by integer multiples of a family of £ independent vectors
of R™. This suggests R"/I" = R"* x T*. Moreover, this isomorphism of groups
is also a diffeomorphism as I' is a closed Lie subgroup of R™. The action ¢ then

prolongs this diffeomorphism to F), proving the claim.

2. So now we know that F®) =2 R*=* x T* and by definition Ay, ..., h, are constant
on F®)_ Since their differentials are linearly independent, they define a system of
coordinates on the cotangent space of each fiber. Then we can use the hq, ..., h, to
move across fibers, and we will show that together with ¢',... " (the flow times)
they form a system of Darboux coordinates for a suitable choice of starting points
for the flows on each fiber H~!(c) in a neighbourhood of F®.

Let us restrict to a tubular neighbourhood of F®) where, since F®) is Lagrangian (by
Lemma 3.17), we have w = dn for some 1-form 1 defined on such a neighbourhood

(since tubular neighbourhoods inherit cohomology).

Start by making an arbitrary choice of starting points for the flows. They span an
n-dimensional submanifold of the tubular neighbourhoods, which is transverse (i.e.,
the tangent spaces are never parallel) to each fiber H~'(c). The t',... " hy,... hy
form a system of coordinates for the tubular neighbourhood. Let us compute the

components of w in such a system:

w(0Oi, O ) = w(Xhi,th) ={h;,h;} =0
W(Dy, On,) = tx, w(On,) = dhyi(Oh,) = 6] (3.5.7)
w(@hi,ahj) = Vij € COO(U)
Hence we can write
w=dt' Adh; + V3dh; N\ dh;. (3.5.8)

To get Darboux coordinates we want to eliminate the second term. Let’s use
the freedom of starting points to make the V% vanish at p. Now, since t!,..., "
commute, Ly, dt/ = 0, and likewise for hq, ..., h,. Also Ly,w =0 by Theorem 3.4.

Hence, for each k =1,...,n,
,Catk Vij = Latkw(c‘?hi, 8hj) =0 (359)

meaning V% = V%(hy, ... h,), that is, they only depend on the transverse

coordinates. On the other hand, in the tubular neighbourhood we are working
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in, w is an exact form. In fact, so is its first term (from (3.5.8)):
dt' A dh; = d(t'dh;). (3.5.10)

We then impose V¥dh; A dh; to be exact, which means the second term has to
be the differential of some 1-form W depending only on hyq, ..., h,, which implies
that

VY =0, W' — 0, W (3.5.11)

Then

w = d(t'dh; + W'dh;) = d(t' + W) A dh,. (3.5.12)

By defining new coordinates t* = ' + W¥(hy,. .., hy), it’s clear we get a Darboux
system. Since the W depend only on the integral of motions, these new coordinates
are still “times” for the flows but considered with a different starting point, as

stated initially.

3. Can we say something more when fibers are compact? Are they “common” or do
they appear isolated? We’ll show they form open sets in M. Let Mg be the union

of all compact connected components of any fiber. We claim M is open in M.

Suppose Me is not open. Then M \ M¢ is not closed, so that not all sequences
of points {p;i},cy € M \ M¢ and converging in M converge in M \ Mc. This
means we can select one of those, such that p; — p € My while p; € M \ M¢
for all i € N. Let U be an open neighbourhood of K (the compact connected
component of H~'(H(p)) containing p) such that U is compact and small enough
as to not intersect other connected components of the same fiber H~'(H(p)). For
i large enough, (U \ U) N F?) = &: indeed, if it were otherwise, we could choose
points p} in each intersection (U \ U) N F®) and from those it can be selected a
converging subsequence {pgk}keN by virtue of compactness of U \ U (it is closed in
a compact). Let p’ € U \ U be the limit point of the subsequence. Since the two
subsequences come from the same fibers, H(p; ) = H(p;,) Vk. Using continuity of
H, we obtain H(p') = H(p), implying p’ € K®, contradicting the assumption that
K® doesn’t intersect the boundary of U. So F®) N (U \ U) = @ which implies

(since the p; accumulate on p)
F®) CU Vi large enough. (3.5.13)

Since F®) is closed (since it’s the preimage of H(p;), closed) and contained in
U, meaning it is compact itself. Moreover, p; € M, a contradiction with their
definition. Thus M¢ is open, hence a (sub)manifold (of M). Apply now Lemma 3.21
and Ehresmann’s Lemma (3.22) in succession to the map H on M to conclude

the proof.
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4. Since H : Mc — R is locally trivial, we can identify a neighbourhood of each
fiber with Uy x T" and Uy C R" is open (H is a fibration in tori). By point
(2), w = d(t'dh;) = —d(h;dt?) where hy, ..., h, are linear coordinates on R" and
t',...,t" are linear functions on T". What we want to do now is a change of
coordinates to get angle coordinates on the torus. Since we’d like this change to
be structure-preserving, we’ll try to get it as a canonical transformation, thus a

symplectomorphism found through a generating function.

Start by choosing a basis 71, ...,7v, € H1(T"), hence smooth circles around each
factor of T". Now define

Ia(hl,...,hn):::-—t/‘ hy dt', (3.5.14)
Yo

Since H is constant on each 7,, the h; in the integral are (non-zero) constants, so

that the assignment is a linear function:

(In) = (= | dr)w).

(3.5.15)
—_———
A
Since we choose 71, . ..,7, to be linearly independent, the matrix A can be easily
shown to be invertible. Then we can write:
ho = ho(Ih, ..., 1). (3.5.16)
Now define
t .
ﬂh“whfwwﬂ%:—/muhuJﬁw. (3.5.17)
to

Then by definition h, = —0S/0t,, thus calling ¢* = 0S5/, we get a canonical
transformation whose generating function is S. Moreover, these second set of

coordinates are the angle coordinates we were looking for. Indeed, fix a f:

o B 0 t(p)+vs :
(é(p‘i"}/ﬁ)—alcy(/to hz([l,,]n)dt>

::5521(5111’---7lﬁ,t1(p),...,tn(p)) — 1) (3.5.18)
= ¢%(p) — 9.

That shows ¢ is a periodic function in the a-th direction.
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3.5.1 Applications

Example 3.4 (Simple pendulum). Let’s analyze Example 3.3 in light of Arnold-Liouville
Theorem. Figure 3.1 shows the fibration induced by h on T*S*. We need to take in
consideration that the diagram should actually be wrapped around a cylinder. Hence
not only the closed curves near the singular point (0,0) are compact fibers, but also the
ones further away, which look open on the plane but close up on the cylinder. The open
fibers are the two halves of the “doubly punctured” circle which constitutes the separatrix

between the two families of compact fibers.

‘---‘____________________rg

Figure 3.2: The manifold T*S*, with compact fibers as solid black lines and open ones

m grey.

Example 3.5 (Spherical pendulum). This time M = T*S?, we choose 6 (longitude,
0 <0 < 27) and ¢ (latitude, 0 < ¢ < 7) as angle coordinates for S? and &, 7 for the

remaining ones. The Hamiltonian of the system is

1 2
h(ea ¢75777) = 5 <772 + Si§2 (b) + COS¢ (3519)

whose differential is

dh = ndn +

§ £ cos ¢
sin? ¢d€ B ( sin® ¢

which is singular iff n = £ =0, ¢ = 0, 7. Since dim S? = 2, we need another integral of

+ sin ng) d¢ (3.5.20)

motion to apply Arnold—Liouville. Indeed, notice h doesn’t really depend on 8! So we put
hy = € “(=6)” (check this commutes!).
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Let’s check the points where dh; is not linearly indipendent from dhy (as with the
singular points check for dh, this is in order to satisfy the hypothesis of Arnold-Liouville).
As dho = d€, this happens only when dh; has just the d¢ term, i.e. the other two vanish:

n=0, §==, —S;l:z (3.5.21)

Notice the condition on £ can be satisfied iff ¢ > 7/2 (since it is already less than 7 by
definition).

On the singular points of dhy, X, = X, = 0 (where the second equality is extended
to the points outside the chosen chart by a simple continuity argument) while in the
second set of points (where the differentials are not independent)

1
Py

) e S —
" V—cos¢ (3.5.22)

Xn, = O

The first case corresponds to the configurations where the pendulum is vertical, either
upwards or downwards. The fact that the two Hamiltonian vector fields are zero tells us
it has to stay still to maintain the balance. The second case represents circle orbits below

the equator, those where gravity is balanced by centrifugal force.

Exercise 3.6. Apply Arnold-Liouville Theorem to the “updated” phase space of the
spherical pendulum, in particular describe the fibers of the Lagrangian fibration and the

locus M¢ of the compact ones.

Example 3.7 (Kepler’s problem on the plane). Consider M = T*(R?\ {0}) with polar
coordinates 7,60 for the points and p,,py for covectors. The symplectic form on this

manifold is

w=dr Adp, +df A dpg (3.5.23)
along with Hamiltonian”
2 2 k
=Pt P E ks (3.5.24)

T om  omi? 7
The two integrals of motion are then h; = h and hy = py.
As before, we now study the linear independence of dhy, dhsy. First of all, they are
r k )
dhy = Prap, + L dpy + < - pe) dr
m mr

r2  mrd

(3.5.25)
dhy = dpy

"We get this form from a suitable choice of description of the two-body system, from the reference

frame of the center of mass.
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thus they’re indipendent unless
2
p,,, = 07 r = pi (3526)

mk

which correspond to particular circular orbits.
To find the fibers, choose an arbitrary point ¢ = (c;,¢2) € R?. Hence the equations of
a level set of H = (hy, hy) are

p? n c k
= - ‘/C ) ‘/:22 = -
=g+ ,(r), where V,,(r) 52 7 (3.5.27)
C2 = Do

The term V,,(r) is called the effective potential. We then consider two cases.

1. ¢ =0, yielding
2k 1 1
R AN (3.5.28)

2m r Tk
2m €1

(&1

We observe that r is free to be as large as we please, hence these fibers correspond

to unbounded orbits of the system and, geometrically, to non-compact fibers.

2. ¢9 # 0, then inspecting the first equation we see that ¢; < 0 implies V., negative,
thus when we draw its graph we notice this is only the case when » < 0. In this case,

we get compact level sets. Clearly, the level set is empty whenever ¢; < min V,, (7).

Therefore
is non-compact = R x St for ¢y = 0,c;1 >0
/{72
=T? when e # 0, =2 <1 <0
&)
H™ ey, ) 2 (3.5.29)
=gt when ¢; #0, ¢ = ———
2c35
k’2
= when ¢y # 0, cl<—m—2
2c35

Notice that the third case happens when r = c3/mk, which we excluded previously
for reasons of linear independence. Indeed, it represent a separatrix between compact
and non-compact trajectories more or less like in the example of the pendulum. We can

represent the fibration on the plane as such:
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Thus the region of the plane giving compact fibers (i.e. tori) is

B= {(h,pg) ER’|h <0, 0< |py| < k\/—m/Qh} (3.5.30)

We can now move on to find the action-angle variables of the system: we start choosing
Y1, V2 basis for Hi(H '(cy,c3)). As the first one, we choose the circle in the 6 direction

parametrized by
711 St — H ey, e)

0=t
I O o i e (3.5.31)
t—— 261
pr:O
Do = C2

The expression for r is computed by imposing the circle to stay inside the fiber H~1(cy, ¢3),
once we fixed p, = 0 (which is an arbitrary choice).

The other loop s, independent from =4, is naturally sought in the complementary part
(r,p,) of the fibers: as seen in Figure 3.3, an S! is actually present (the disentanglement

of the r-dynamics from the #-dynamics is due to the f-independence of h).
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Although harder to visualize, this should make clear why -, can be chosen to be

formed by two branches 75 stitched together at the ends:

V5t (re,ro) — H Y (c1, )

0=0 (arbitrary choice)

r= 4t (3.5.32)
t—

pr = E/2m (e — Vi, (1))

Po = C2

The expression for p, is computed by imposing the circle to stay inside the fiber H1(cy, ¢y),

once we fixed py = co. The values r, and r_ are given by the zeroes of the discriminant

Lk Jp2 e
_TREVEERE <, (3.5.33)

201

of hy = ¢y:

T+

Put together, v, goes go back and forth between r, and r_ using the p, dimension.
Then recall w = d(—ppdf — p,dr), so, since p, =0 on ;.
Li(cy,c) = —/ (pedf + prdr) = —27cy (3.5.34)
71

As for computing 5, 7, is obtained by spanning r from r, to r_ setting p,.(r) = +g(r),

and then spanning r from r_ to r setting p,(r) = —g(r), where g(r) = \/Qm(cl — Vo, (1)),
therefore

Iy(ci,c0) = — | pedr
2

__ (/ g(t) dt + /r”(—g(t)) dt) .

To compute it, we use residues by interpreting the integral in the complex t plane.

(3.5.35)

In order to do that, we aim to rewrite 5 as a circuit integral and then to deform the
integration path using the properties of integrals of holomorphic functions. Let us start

by defining the following function

T (t) = v_imcl\/(t — ) (t—14). (3.5.36)

This is clearly a multivalued function on two sheets, I and II, with two branches. It
displays only two ramification points in r., therefore we take the cut connecting them as
shown in Figure 3.4. Finally, it features a simple pole in zero, while being holomorphic
elsewhere.

Next, consider its restrictions to the real axis above and below the cut (respectively b
and a sides): one easily gets
(1)), = 19(t)

(3.5.37)
(), = —ig(t)
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AT b

© w w o9, l?et (o] X, x. w Ret

Figure 3.5 Figure 3.6

therefore one can consider the line integral
I= / (1) dt (3.5.38)
2l

where v is the path shown in Figure 3.5.
One can continuously deform the integration path - without changing the result (since

7 is holomorphic outside zero), so let us shrink ~ to the segment [r,,r_], getting

I= /:+ ig(x) dz + /Ti(—zg(x))dx

(3.5.39)
=1l
so that I, can actually be rewritten as
Ller, e) = —i / (1) dt. (3.5.40)

v
Now we can use the residue theorem and trade v for the union of the circles Cyy and C',

around the pole in zero and around ooc as integration path (see Figure (3.6)). Keeping

track of the inherited orientations of the circles, one gets

L(cr, ) = (/C o (0) dt+/Cm o (0) dt)

(3.5.41)
— omi (—Pt{:eos(m(t)) — Res (m(t)))

Let us carry out the residue computation:

1. In ¢t = 0. Let us expand 7, in its Laurent series around ¢ = 0: one finds

() = ”_imcl\/m +0(1), (3.5.42)

so that
Res(m,(t)) = \/—2meyryr—
=0 (3.5.43)
= C2
where we took c; > 0 and we used r 7r_ = —2;?61.
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2. In t = coc. Let us expand 7, in its Laurent series around ¢ = ococ: one finds

mo(t) = /Ty = Y2malre ) | gy (3.5.44)

2t
therefore
—2
Res (, (1)) = %(m )
=00C
_ mk (3.5.45)
- V/=2me;
Finally, one gets
mk
Ly(ci, ¢2) = —i [—271’2’ <02 + ﬂ
V-2
e (3.5.46)
= —27]‘ C + Lk
2 2me )
Reinserting back the functions for ¢; and ¢y, one gets the following results:
I = —2mpy
k2
Iy = —2mpy — 2r m (3.5.47)
-2 (53 + 2p92 _ k)
from which we can obtain the generalized momenta:
1
=——1
Do oL
) S 2 T . 3 (3.5.48)
r = m — L = — —
p (I — )2 4x?22mr?  r
Call ¢ the angle variables. Then
(0,r)
S0,r, I, I5) = /( )(pgd& + p.dr) (3.5.49)
$0.T0

where the integration path is not relevant as long as it remains inside H!(c1, ¢y). Then
¢* = 05/0I,, but it’s not possible to compute S analytically. However, we can
still find the canonical transformation to get the action variables. We start by writing
h in terms of I; and Iy, an expression not depending on any other variable since H is

costant along the fibers. From the relative computation, we get

mk?
h=nh(hL,IL) =21 —"— 3.5.50
( 1 2) ™ (]2_]1)2 ( )
We know the equations of motion imply
I,=0 since it is an integral of motion
oh mk? (3.5.51)

o = — = 4t ——
=L "L-1)
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Since ¢ comes from the linear action on the torus, we can now get the angle coordinates:
¢ = ¢t + ¢F (3.5.52)

The information we extracted from the system allows us, for example, to analyze the
question of the periodicity of the motion. By computing the slope of the line described by

the ¢ on the toric fiber, we can answer positively that question:
—=—-1€Q (3.5.53)

Remark 3.23.5. The last part of the previous example shows an approach which works
generally — once we have [, ..., I,, we can express h in terms of them and then the angle

variables as
Oh(Iy,...,I,)

0% = ol

t+ f (3.5.54)
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Poisson manifolds

4.1 The adjoint action of a Lie group

A Lie group is a group supported on a smooth manifold and whose product and inverse
maps are smooth. This is a very fertile combination of structures from which a canonical
symplectic structure of certain associated manifolds (the coadjoint orbits) will emerge
naturally. As Lie groups are a quite large class of manifolds which includes groups of
matrices, such a treatment is relevant to many physical situations.

It is interesting to study the (smooth) actions of such a group, i.e. group maps
p:GXM—M (4.1.1)

where M is a smooth manifold. Any such action, by virtue of the smooth structures

involved, lifts by pushforward to an action on the fields

Pt GXX(M) — X(M)

(9. X) > (pg)u X 12

Even when we do not have at our disposal another manifold M for G to act on, G
acts on itself already in interesting ways. The easiest way a group acts on itself is with

the left action:

L:GxG—3d
(4.1.3)

(g, h) — gh
By noting that L. = idg, meaning vectors at the identity are fixed by the action, we can

guess the following identification

T.G = XMG)={X € X(G)|(L,).X = X Vg € G} (4.1.4)

LieAlg

In fact, any vector in 7.G (which is left-invariant) can be extended to a left-invariant

vector field by prolonging it using the action’s flow; transitivity of L takes care of injectivity

26
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issues. Evaluation at e is the inverse map. Both T,G and X' (G), along with the usual
brackets [—, —|, are called the Lie algebra of G and denoted by g. Incidentally, g is also
a Lie algebra with respect to the usual bracket of vector fields, thus g C X(G).

Of course, these construction can be carried out for the right acitlieoAll’zf7 too, defined
obviosuly as multplication on the right. The fields invariant for this action are denoted by
XE(@) and for the same reasons as before, they form a Lie algebra isomorphic to T.G,
thus to g. However, this doesn’t mean right-invariant fields are automatically left-invariant

— at all.

Since g can be considered a tangent space of G, to any action p: G x G — G fixing
the identity we can associate an action on the Lie algebra, simply by taking differentials
at e:

p:Gxg—g

(4.1.5)
(9, Xe) — dpy(Xe)

Proposition 4.1. When p: G x G — G is an action fixing the identity, then the action
p is isomorphic (in the representation-theoretic sense) to p, restricted to X*(G), that is,

the following commutes for every g € G:

@) ) xl@)

! ! i

.G —" ., T1a

where ¢ is the isomorphism given by evaluation at e discussed above.

Proof. Let X € XL(G), then

?((Pg)«(X)) = (pg)+(X)e

=d 1 4
(pg)pg e(ng e) (417)
=d(pg)e(Xe) because p fixes e € G
= dpg(¢(X)).
O

The simplest of such actions is the conjugation action (since the left action and the

right action do not fix the identity):

I:GxG—G

418
(9.x) — gzg™" 419

The identity e € G is a fixed point for this action.



CHAPTER 4. POISSON MANIFOLDS 58

Definition 4.2. The adjoint action of a Lie group G is the action

Ad:Gxg—9g

(9, X) s (I,).X L)

induced on its Lie algebra g by the conjugate action

Construction 4.3. Fix X € g and call g(t) its flow through the identity. If we are given
a smooth action p: G x M — M on a smooth manifold M, ¢(t) induces a 1-parameter

group of diffeomorphisms of M:
G 1= Py(t)- (4.1.10)

Its derivative then defines a field X, € X(M). This procedure can be embodied by a

map

g — X(M)
X'—)XM

(4.1.11)

called the infinitesimal action (even if it’s not an action on its own right) of X on M.

It can be proven to be a Lie algebra homomorphism.

Definition 4.4. The infinitesimal action associated to the adjoint action of G' unto g is
denoted by
ad : g — X(g)

X — X,

(4.1.12)

Since ady is a vector field on g, it yields a vector for any left-invariant vector field Y we
pass to it. Prove:

Remark 4.4.1. Notice that adx |y € T'xg, but since T.G is a vector space its tangent
space is naturally isomorphic to itself. This is why we can consider [X,Y] (which
is an element of g, since both X and Y are left-invariant and pushforward respects the

bracket) both as an element of g and as a vector.

Definition 4.5. The coadjoint action Ad" is the dual map to Ad, hence the unique
map

Ad":Gxg"— ¢ (4.1.14)

such that
(Adj a, X) = (o, Adg X), Vaeg' Xeg. (4.1.15)

Its infinitesimal action is the map ad’ : g — X(g*) satisfying

(ad |a, Y) = (a,ad_x |y) = — (o, [ X, Y]). (4.1.16)



CHAPTER 4. POISSON MANIFOLDS 59

Exercise 4.1. Prove the last claim.

Definition 4.6. The coadjoint orbit through o € g* is
Qo ={Adjalge G} Cg". (4.1.17)
Theorem 4.7. There is an identification T, = g/ ker(ad™ |,).

Proof. Let’s start by trying to understand intuitively what is the kernel of ad” |,. Re-
member ad™ represents the infinitesimal action of G on g*, thus we may think of its kernel
at a given point o € g* as the stabilizer of this action, i.e. those vector fields which do
not move «. It’s easy then to picture the claimed isomorphism: the tangent space of the
coadjoint orbit is made by the vectors along which the action can move «, thus it makes
sense to say these are exactly all the vectors of the infinitesimal action modulo the ones
that do not move «, namely the ones in the infinitesimal stabilizer.

Consider the submersion g —— Adj(a). We have T,G = T.G = g through the left
action of G on itself and TAd;(a)Qa = T,%), for analogous reasons. Its differential at the

identity of e then is
ad* : g — T,Q,

(4.1.18)
X — ady
and by surjectivity, the claim follows from the First Isomorphism Theorem. O
Theorem 4.8. There 2-form w € Q?(Q,) defined by
CU(X7 Y)E = w(ad}aad;)é = <€7 [Xa Y]>7 VXY € }:(Qa)a V¢ € Qa, (4119)

is symplectic.

Proof. 1t is indeed well-defined as 2-form: it is trivially bilinear and skew-symmetric.

It is non-degenerate because

<O‘7 [X7 Y]> = <a7adX ‘Y>
=—(adk [0, Y) =0 VY € X() (4.1.20)

<= X €kerad, |,
that is, since adj |, is surjective Vo € g*,
w(ady,e) =0 <= X € kerad, |,. (4.1.21)
On the other hand, by the previous theorem,

X € T,Q, = g/ kerad; |, (4.1.22)
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which means exactly that [X] =0 € T,,, so w is non-degenerate on its domain.
Finally, let us prove w is closd. One can show, using the Lie algebra axioms (after
long computations we are skipping) that L’ad*zw =0 for all Z € T,),. On the other hand,
notice that
Ladyw = w(ady, e) = —(ady |4, ), (4.1.23)

and thanks to the identification

ady |o € Tody = g/ kerad] |,

(4.1.24)
ad’ o ~ Z
one can write (ad, |,,®) = dZ, therefore
LadsW]a = —dZ, (4.1.25)
and using Cartan’s formula
0= Laayw = dlagyw + tags dw = Laqy dw Vad?, (4.1.26)
which implies that dw = 0 since ad’, generates T,(2,. ]
Definition 4.9. A symmetric non-degenerate bilinear form (—,—) : g x g — R is called
Ad-invariant if
(Ad, X,Ad,Y)=(X,Y), VgeG,VX,Y eg. (4.1.27)

Exercise 4.2. Prove that the identification g = g* induced by an Ad-invariant form
commutes with both Ad and Ad*:

4>g*

Ad, ‘Ad; (4.1.28)

*

Qa—

—>g

Example 4.3. Let G = SO(3) (the group of orientation-preserving rotations of the
2-dimensional sphere), identified with the manifold of order 3 square, orthogonal matrices
with positive determinant.

We can obtain an explicit description of its Lie algebra as T7,S0(3), by differentiating
the relation X7X = I:

d
50(3) = {E‘IleX € R3X37 XTX = [3} (4 1 29)

={X e R | X + XT =0}.
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The Lie bracket on so(3) is the usual commutator of matrices (in the ring theoretic sense).

There is an isomorphism

¢ R* " 50(3)

0 ==y (4.1.30)
(I, Y, Z) — z 0 —T
-y x 0
sending the vector product to the commutator:
o(v x w) = [¢(v), p(w)] (4.1.31)
So
(50(3>7 [_7 _]) = (Rgv X)' (4132)

LieAlg
The action Ad, applied to v results in g¢(v)g~*. It produces a rotation of v by g: = ¢(gv).

We have an Ad-invariant structure:
(6(v), p(w)) :=v-w, VYv,w € R (4.1.33)

The coadjoint action is then

A (6(v) = Blg~v): (4.1.34)
Consider
Q) = {Ad] (p(v € SO(3
o) = { gfcb( K (3)} (4.1.35)
=¢{g 7 vlg € SO3)}
The symplectic form is then

which is the usual symplectic structure on the sphere!
We've said T, describes the infinitesimal action — thus the infinitesimal rotations in

this case — departing from v. Thus we can understand the quotient structure as this

50(3) ~ all infinitesimal rotations of the sphere

/

ker ad™ |, ~~ infinitesimal rotations around v

(4.1.37)

T,, ~~ infinitesimal rotations away from v

= infinitesimal movements on the sphere starting at v
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4.2 Poisson manifolds

Definition 4.10. A Poisson manifold (M, {—,—}) is a smooth manifold M together
with a Poisson algebra structure {—, —} on C*(M).

Example 4.4. Any symplectic manifold is a Poisson manifold with Poisson brackets
given by
{f.9} = w(X;, X,) = w ' (df, dg). (4.2.1)

Example 4.5 ([fernandes2014lectures]). Let g be any finite dimensional Lie algebra.
If f e C>®(g*) and £ € g*, then the differential of f at £ can be viewed naturally® as
an element of g. Hence we can define a Poisson bracket on g* (called the Lie—Poisson

bracket) by simply reusing the Lie structure:

{f,9}(&) = ([df,dgly, §), VE€g™ (4.2.2)
The fact it satisfies the required properties is straightforward, if tedious, to check.

Definition 4.11. On a Poisson manifold (M, {—, —}) a Casimir function is a function
f € C®(M) such that

{f.—} =0. (4.2.3)

Remark 4.11.1. Since a symplectic form is non-degenerate, there are no Casimir

functions on a symplectic manifold.

4.2.1 Poisson tensor

Reference: [fernandes2014lectures]|. On a symplectic manifold we can prove the value
of {f,g} at a point p € M only depends on df, and dg,: let indeed h € C*(M) be such
that dh, = 0, then

{f,9h}(p) = {f, 9} () hlp) + g(0){f, B} (p) = 9(p) w, ' (dfy dh,) = 0. (4.2.4)

(e —
by non-degeneracy

Moreover, notice this dependence is linear and skew-symmetric. Hence we see that a
Poisson structure can be encoded by a map II, : T>M ANT7M — R at each point p € M.
In other words, a tensor field IT € I'(TM ATM) on M:

Definition 4.12. The Poisson tensor of a Poisson manifold M is the unique tensor
field such that

{f, 9} = 11(df, dyg). (4.2.5)

!Because g is assumed to be finite dimensional; otherwise df € g** which might not be naturally

isomorphic to g.
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Example 4.6. For a symplectic manifold (M, w) the Poisson tensor is simply w™!.

The Poisson tensor brings some of the amenities of a symplectic structure to a Poisson
manifold — in fact, anything definable by means of w™!. For instance, this is the case for
Hamiltonian vector fields:

Xy = T (df). (4.2.6)

Here, IT¥ is the map Q'(M) — X'(M) induced by partial application of II on the left.
On the other hand, we can start with a manifold equipped with a Poisson tensor and

recover the bracket as a byproduct. In fact, in local coordinates, such a tensor can be

written as
1 ..
II = §H” 0; N\ 0; (4.2.7)
and its associated bracket? as
|
{f:9} = 3117 (9:f 09 — 0, f Dig). (4.2.8)

This also shows that I1Y = {x;, z;}, so that
L it o ik
{zi,{z;,21}} = 51‘[ Opl1 (4.2.9)

which allows us to convert the Jacobi identity of the brackets to the following condition

on the components of II:
T 9, I17% + TI* 9,11 + 117 9,11 = 0. (4.2.10)

Therefore we call a Poisson tensor (or Poisson structure) any skew-symmetric

tensor of type (2,0) (also called a bivector field) which satisfies Equation 4.2.10.

Remark 4.12.1. Notice the Jacobi condition is quadratic on the components so it
is a non-linear PDE of the second order. The immediate consequence is that linear

combinations of Poisson tensors are not Poisson tensors themselves.

Exercise 4.7. Show that, for a symplectic form w, Equation (4.2.10) translates to the

condition dw = 0.

Example 4.8. Consider R?" with linear coordinates ¢,...,¢", p1,...,p,. Equip it with

the tensor

B 0 A 0
_3qi Op;

which is called the canonical Poisson structure on R?". Indeed, this is simply the

I1

(4.2.11)

inverse of the canonical symplectic structure on R?"!

Recall X \Y = H(X @Y - Y ® X).
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Example 4.9. On R”, consider a skew-symmetric matrix A = (a;;) € R™". We can

define a quadratic Poisson bracket on this space by the formula:

0 9]
Z ;T xj o, (4.2.12)

1,J<n

Example 4.10. Consider R} (the positive quadrant of the Euclidean n-space) equipped
with a quadratic Poisson structure. A popular biological model, called the Lotka—

Volterra equations, models population dynamics using the following Hamiltonian:
h = n;z’ + kjlog x’ (4.2.13)

for a certain choice of the parameters n’, k; € R. To find the dynamics of the system, we

apply a quadratic Poisson tensor to dh = Y7_; n;da’ + kj(27) " da’ to get

X, = II¥(dh) Z awnj o2’ + aijk; x')0;, (4.2.14)
: W—/
’Ylj &g

whose components are then the Lotka—Volterra equations:

dz?

Example 4.11. For a Lie algebra dual g*, equipped with the natural Poisson structure
of Example 4.5, the Poisson tensor has the contraction of the structure constants of

the Lie algebra (the numbers ¢/ below) as components:

9 = {2, 27} = [da, da?)y = 2" (4.2.16)

4.2.2 The Schouten—Nijenhuis bracket

The Jacobi condition has a more concise expression in terms of the Schouten—Nijenhuis
bracket, which is a graded extension of the customary Lie bracket to (skew-symmetric)

multivector fields:
[—, =] : X™(M) x X"(M) — X" (M), where X*(M) = T(TM"*).  (4.2.17)

It is defined inductively starting from the Lie bracket (taken for the case n = m = 1)
and the derivative of functions along vector fields (taken for the case n =1, m = 0) by

imposing the rules to make it into a graded anti-derivation on A* T M:

1. Graded skew-symmetry:

(A, B] = (—1)(A=DUBI=DB 4], (4.2.18)
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2. Graded Leibniz rule:

[A,BAC] :=[A,B]AC+ (=1)BIIA=D B A A O (4.2.19)

In this formalism, the Jacobi identity for the Poisson tensor can be expressed intrinse-
cally as:
[I1, IT] = 0. (4.2.20)

Exercise 4.12. Show the Schouten—Nijenhuis bracket inherits a graded version of the
Jacobi identity for the Lie bracket:

(_1)(|A|—1)(\C|—1) [A,[B,C]]
+ (_1)(|BI—1)(\A|—1) [B,[C, A]] (4.2.21)
+ (_1)(IC\71)(|B|71) [C,[A, B]] = 0.

4.2.3 Poisson maps and Poisson submanifolds

Definition 4.13. A Poisson map is a smooth map ¢ : (N,IIy) — (M, II,,) between
Poisson manifolds such that
&Iy = Iy (4.2.22)

Using the brackets to express the structure of a Poisson manifold, the condition

becomes

{fod,godyn={fg}mod, VfgeclC(M). (4.2.23)

Exercise 4.13 ([fernandes2014lectures]). Show the map ® : R** — R", where the
domain and codomain are equipped with the canonical and quadratic Poisson structures

respectively (Example 4.8 and Example 4.9), defined by
W', ¢7) = 2t = e 20 (4.2.24)
is Poisson.

Example 4.14 ([fernandes2014lectures|). We've seen in Example 4.5 that the dual
of any Lie algebra carries a natural Poisson structure. In fact, for any map ¥ : h — g, the

dual map ¥* : g* — h* is a Poisson map for the natural structures

Definition 4.14. A Poisson submanifold of a Poisson manifold (M, I1,,) is a Poisson

manifold (V,IIy) together with a Poisson injective immersion ¢ : N < M.
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4.3 The symplectic foliation of a Poisson manifold

Notice that when the rank of II is constant throughout M we obtain a distribution on M,

given by im IT*. It is smooth since it is generated by the vector fields X; = IT*(df).

Lemma 4.15 ([fernandes2014lectures]). A submanifold N of a Poisson manifold
(M, 1) is Poisson if only if the distribution induced by IT* on M is a distribution on N
too:

im [} C du,(T,N), Vpe€ N. (4.3.1)

Moreover, in this case the Poisson substructure on N is unique as such.

Proof. Suppose N is a Poisson submanifold. We want to prove (4.3.1) holds. Notice first

that 1y is t-related to 11 (because, more strongly, it is its pushforward), that is
dip(Unlp) =1, VP EN, (4.3.2)

which basically means I1|y = IIy. Then, sharping both tensors and precomposing Hgv
with the pullback of covectors, we clearly have:

d, o T |, 0 di, = I Vp € N. (4.3.3)

«(p)’

This means the following commutes

ldb; 4 (4.3.4)

and it’s now very apparent both (4.3.1) (by commutativity in the upper right corner)
and uniqueness of IIy (by injectivity of di,) hold.
Conversely, assume now (4.3.1) holds. Then the previous considerations about the

maps di, and duy allow us to define
H§V|p = (de)_l © Hﬁ|/,(p) © (dL;;)_l, (435)

where the inverses are just left and right sided respectively, and meant to be set-theoretical
inverses. This means dt,,; ! is defined by sending any v € T,,) M \ di,(T,N) to an arbitrarly
chosen v € T, N, whereas (dL;)_l choses an arbitrary lift & from the di¢,-preimage of any
a € Ty M. Then we want to show the values of IIy do not actually depend on any of these

choices. As for the first case, the assumption (4.3.1) guarantees no point outside di(T'N)
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is ever passed to di, ! hence the choice of v doesn’t matter and doesn’t ruin smoothness

and linearity. As for the second, let &, & be both different lifts of «, i.e.
diyd = diyd = & — @& = € kerduy, (4.3.6)

Recall ker di}; = {1 | ¢(im dv,,) = 0}, so that, in particular, 3 vanishes on im IT?|,,). Then,

however chosen ~ € T}, M,

(IF], ) (@) — I (@), ) = (I (), 7)
=], (B, 7) by undoing the £
= —1II},») (7, B) by skew-symmetry of T (4.3.7)

= —(Ul.») (7), B)
= Bl (7)) = 0.

Thus IT*|, () (&) = IT%|, () (&), as desired.

Therefore, it’s only left to show Il is a Poisson tensor. Bilinearity and skew-symmetry
easily permeate from II. To show Jacobi’s identity, we recall that pushforwards preserve
the Lie bracket hence, by induction on the grading, the SN bracket too. Meanwhile, the

previous argument showed ¢, I1 = II. Putting all together, we get
L*[HN,HN] = [L*HN,L*HN} = [H,H] = 0, (438)
and since ¢ is an immersion, this implies [ITy, x| = 0, as wished. O]

We’ve seen a symplectic structure always gives rise to a Poisson structure, yet the
opposite is not true. In fact, II isn’t always non-degenerate, and this prevents II7! to
be a well-defined symplectic form. However, we know from (multi)linear algebra (by
Theorem 2.2 for instance) that, at least pointwise, IT has 2n dimensions on which is
degenerate and k on which is not, such that dim M = 2n + k.

The aim of this section is then to show this pointwise argument has global and local

refinements.

Definition 4.16. A point p € M is called regular for the Poisson structure II if
there exists a neighbourhood U of p on which the rank of II is constant. Otherwise p is

called singular.

Lemma 4.17. The set of reqular points M., C M for a Poisson manifold (M,II) is open

and dense.

Proof. Openness is obvious since non-singularity is a non-vanishing condition for some

minors, hence an “open” condition. Let py € M be singular. Take a neighbourhood V'
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of py and consider the function p — rk(Il,) on V. It takes a finite number of values
(as it is finite and bounded by dim M). Then it has a maximum value attained at a
point p’ € V. In local coordinates, this means I1%(p') has a minor or size rk(I,;) whose
determinant doesn’t vanish. By a continuity argument, this actually happens in a whole
open neighbourhood W of p’ and since the rank in p’ is maximal, this means in W the
rank is constant implying p’ is regular. As V was arbitrary, we proved that any open
neighbourhood of a point M contains a regular point, hence regular points are dense in
M as claimed. O

Theorem 4.18. Let (M, 1) be a Poisson manifold with 11 of constant rank. Then im IT* is
an integrable distribution and on each leaf S there is a unique induced symplectic structure
w € Q(S) such that

Le(w™h) =10 (4.3.9)

where v is the inclusion map of S in M.

Proof. The distribution im IT* is generated by Hamiltonian vector fields (per (4.2.6)) and
hence involutive by Theorem 3.9. Therefore, by Frobenius” Theorem (Theorem 1.21), it is
an integrable distribution. Then M foliates into leaves (i.e., maximal integral submanifolds
of im IT*), denote S one of them. By definition im IT| = du,(T,,S), so by Lemma 4.15 there

exists a unique Poisson structure I1g on S, which satisfies
10§, = (duy) ™" o I, o (duj) ™! (4.3.10)

so that
im I = im(de ' T (d) )
= im(d, " T by surjectivity of dv*
(@) by surjectivity (4.3.11)
= dv~ " im(TT%) by surjectivity of dt
=d 'di(TS) =TS.

Hence II* is surjective. Since both S and M are finite-dimensional, this suffices to prove
IIg is non-degenerate, hence the inverse of a symplectic form w. Then the claim is just
the pullback condition (4.2.22). O

When (M, 1I) is of constant rank (the regular case) then this theorem basically tells
us Poisson manifolds are a lasagna of symplectic manifolds, or more formally, any
Poisson manifold is the disjoint union of symplectic submanifolds of the same dimension.
On the other hand, even in the general case this holds at least locally (morally, by a

smoothness argument applied to the reasoning we did initially):
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Theorem 4.19 (Darboux-Weinstein). Let (M,II) be a Poisson manifold and p € M.

There exists a chart
(U, (', ..., 2™ &yt ) (4.3.12)
centered at p such that

n=2 a2 1wd 0
Coxt 08 20 Oyt Oy

(4.3.13)
with ¢ (p) = 0.

Notice n depends on p, and — in general— isn’t constant on M. The idea of the
theorem is that II7! is “almost symplectic”’: there are k& degenerate directions
given by the 3.

Remark 4.19.1. If (M, 1I) is Poisson manifold and IT has constant rank 2n and corank k,
then Theorem 4.18 tells M is locally foliated by symplectic leaves given by the level sets

of k Casimir functions y',...,y* such that
(dy') = ... =TI(dy*) = 0. (4.3.14)
We can define (everywhere but only locally) a family of Darboux charts (z', ..., 2™ &, ...,&,)

on the leaves, smoothly varying along the transverse direction, which together with the k
Casimir functions form a Darboux—Weinstein chart such that

_0 .0

(4.3.15)

that is, such that ¢ = 0 Vi, j.

Finally the following result, which we do not prove, shows that the intuition about
Poisson manifolds being stacks of symplectic submanifolds is still true: we just need to
account for singular leaves. Hence the constant rank condition just buys us regularity of

the foliation.

Theorem 4.20 ([fernandes2014lectures]). Let (M,I1) be a Poisson manifold. Then
every point xg € M, regqular or not, is contained in a single symplectic leaf, i.e. a maximal

integrable submanifold of im ITF.

Example 4.15 (Euler’s equations for a rigid body). On R? the Poisson bracket is

O f Oyf O.f
{f,9}(x,y,2) = (df x dg)(v,y,2) = |0,9 Oyg 0. (4.3.16)

x Y z
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This Poisson structure is the same as the one on s0(3) — by the isomorphism we exhibited
in Example 4.3 — and s0*(3), since the inner product of R? induces an identification. In

more practical terms, we get the fundamental Poisson brackets

{z,y} =2, {z,2} =—-y, {y,z} == (4.3.17)

To get the symplectic foliation induced by the Poisson structure, we need to find a
Casimir function for the bracket. Such is any solution to the PDE II*(df) = 0, which in

this case is

x0,f —20.f =0
YO, f —x0yf =0 (4.3.18)
20y f —y0.f =0

One possible solution of this system is f(z,y,2) = 2% + y* + z2. The induced foliation
is then, clearly, a foliation in concentric spheres, and it is easy to see they inherit a
symplectic structure from the Poisson tensor. Moreover, we get regular leaves for f > 0

and a singular leaf at f = 0.
22?2777

4.4 Poisson cohomology

4.5 Poisson vector fields

Definition 4.21. A Poisson vector field X € X(M) on a Poisson manifold (M, II) is
a vector field such that
LyII=0 (4.5.1)

or, equivalently (applying Leibniz rule):
X({f.93) ={X(). g} +{/, X(9)}- (4.5.2)
Echoing analogous statements for Hamiltonian and symplectic fields, we have:
Theorem 4.22. Let (M,1I1) be a Poisson manifold. Then

1. the flow ¢; of a Poisson vector field X € X(M) preserves the Poisson structure:

2. Hamiltonian vector fields are Poisson,

3. the bracket of Poisson fields is Poisson.
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Proof.

1. The same as in the symplectic case.

2. By definition of Hamiltonian vector field in a Poisson manifold and leveraging

Jacobi’s identity:

Xh<{fvg}) = _{h7 {fv g}} = {fv {gv h}} + {97 {haf}} = {Xh(g)a f} + {gaXh(f>}

(4.5.4)

3. Suppose X and Y are Poisson fields, then
Lixyll=LxLyll — Ly LxII = 0. (4.5.5)
O

Remark 4.22.1. As in the symplectic case, not every Poisson vector field is Hamiltonian:
consider any smooth manifold M equipped with the trivial Poisson structure II = 0.
Then any vector field is Poisson, yet only the zero section is an Hamiltonian vector field:
IT*(df) = 0 € X(M) for any f € C*(M). Moreover, in the case II is non-degenerate, the
manifold is symplectic so the same considerations of Remark 3.3.1 apply, as we will see in

the next section.

We clearly see a parallel between Poisson vs. Hamiltonian fields and symplectic
vs. Hamiltonian fields. Indeed, the symplectic definitions are identical to the Poisson
analogous. We've already analyzed the relationship between Hamiltonian and symplectic
fields: we’ve seen they stand in the same relationship as closed and exact forms of the
ambient manifold are (Remark 3.3.1), hence the first de Rham cohomology already gives
which obstructions might prevent a symplectic field from being Hamiltonian. In the same
spirit, we wish now to construct a cohomology theory which could encode the obstructions
preventing a Poisson field from being Hamiltonian, that is, Poisson cohomology.

To start, we look for a coboundary map in the definitions of Poisson and Hamiltonian

fields. A Poisson vector field is defined by the condition
LxII=0 (4.5.6)
and an Hamiltonian vector field by
X = TI*(df) for some f € C*=(M). (4.5.7)

We leverage the inductive definition of the Schouten—Nijenhuis bracket to convert the Lie
derivative along X in a bracket:

I, X] =0 (4.5.8)
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and in the same vein, we can express IT*(df) as a bracket:

1_ .. |
IT* (df ) = 51'[”8jf 0; — 51’[“@-]” 0;
1. 1 g
= —IIY0; N |f,0;] — =[f, 117 0;| A O,
= [iﬂij&- A 0y, f]
= [IL, f].
Hence we might guess our coboundary map to be dyy = [II, —]. To be such a map, it must
square to zero:
Lemma 4.23. Let 1T € X?(M) be a Poisson tensor. Then
[IL, [IT, A]] =0, VA€ X*(M). (4.5.10)

Proof. Using the graded Jacobi identity (Exercise 4.12), and recalling |II| = 2:

(=) I, I, AJ] — [IL [A, IO + (1) |4, [T, ]| = 0

2(—1)*H I, 11, A]] = 0 by graded skew-symmetry
0.

(4.5.11)

[

The cochain complex arising from these coboundaries is called the Poisson complex:

LIy I et () — T (4.5.12)
Definition 4.24. The r-th Poisson cohomology of (M, II) is
H(M) = kerd" /im d§ Y (4.5.13)
where di¥ denotes dyy : (M) — XH1(M).
Example 4.16. For the trivial Poisson tensor IT = 0, Hj; = X"(M).

Example 4.17. In the symplectic case (II non-degenerate), then IT* induces an identi-

fication of 2° with X*, which commutes with the de Rham’s and Poisson differentials:

— (M) —— (M) ——s

‘Hﬁ ‘m (4.5.14)

LIy I et () — T
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This is called, in homological algebra, a (co)chain isomorphism and implies that the
cohomologies arising from the two complexes are naturally isomorphic. Thus, in the
symplectic case, Poisson cohomology coincides with de Rham cohomology, as

expected.
Example 4.18. Consider the Lie-Poisson structure on g*. For this case, it turns out
Hii(g") = Hi(g) ® Cas(g") (4.5.15)
where
1. H%(g) is the k-th Lie cohomology® of g, and

2. Cas(g*) is the space of Casimir functions on g*.

4.5.1 Meaning of the Poisson cohomologies

We now set to interpret the Poisson cohomologies of a given manifold (M, II). Let’s start
with the zeroth cohomology: it is the space of all f € C>°(M) such that [II, f] = 0. As

we’ve shown in a previous calculation, this is the same as saying {f, —} = 0, meaning

HY (M) = Cas(M) = Casimir functions. (4.5.17)

Next, the interpretation of the first cohomology was our motivational example:

Poisson vector fields

Hyy (M) (4.5.18)

- Hamiltonian vector fields

Finally, both 2-cocycles and 2-boundaries assume meaning in the context of Poisson
infinitesimal deformations. A deformation of II is another Poisson tensor II' obtained
by adding a bivector A = II' — II. An infinitesimal deformation is a deformation “up to
the first-order”, i.e. it is of the form IT+&A for € > 0, but we only require [II, IT'] = O(?),

hence

[T+ A T+ eA] = [ILIT] + 2¢[I1, A] + €*[A, A] = O(e?) <= [II,A] =0. (4.5.19)

3The Lie cohomology of a (real) Lie algebra g of finite dimension n is defined from the Chevalley—
Eilenberg complex, whose objects are the k-th exterior powers of g* and the coboundary maps

d(Lk) : Akg® — AF+lg® are given by:

(dLa)(X()?"'an) = Z (71>Z+]a([XZaX]]7X255X277X]77Xk) (4516)

0<i<j<n

Alternatively, dj, can be defined axiomatically and inductively from its values on the 1-g-forms
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From a cohomological point of view, this latter condition might be better expressed as
A € ker d(r? ),

However, a deformation of IT can be also given through a local diffeomorphism, like

the flow of a vector field X. In this way, the deformed Poisson tensor is*
() JT = T+ eLxTT =TT + e(Lx1T). (4.5.20)
A

As we see in the above expression, this second case can be seen as a particular form of
the first one, in fact a “trivial” one: diffeomorphisms are just changes of coordinates, and
they don’t really change the Poisson structure. Notice moreover that A is given above as
the Taylor expansion of [T, X], hence A € im dl(q1 ).

Therefore we reach an interpretation for H3(M): it is the space of non-trivial

infinitesimal deformations of II:

infinitesimal deformations of II

Hg(M) (4.5.21)

- trivial infinitesimal deformations of 11

Remark 4.24.1. The fact that first-order infinitesimal deformations exist does not imply
a full-blown deformation exist! However, if it does, then it determines completely the

coeflicients of such deformation.

Higher cohomologies do not have, in general, an enlightening interpretation in terms
of geometrical property of the manifold, but the general cohomological interpretation

remains valid: they represent obstructions to “deformations” of higher orders.

Example 4.19. Let M = 5% equipped with the usual symplectic structure (the area
form pulled back from the volume form of R?). We know then HZ(S?) = H3,(S5?) 2R
because, up to rescaling, there’s only one volume closed form which is not exact.

Indeed, any infinitesimal deformation has the form II + €Il = (1 4 ¢)I1, i.e. a rescaling.
But the diffeomorphism between a sphere of radius 1 and one of radius 1 + € is not a
symplectomorphism since it is not area preserving, hence they are all different Poisson

structures.

Example 4.20 (Ginzburg, [ciccoli2006lectures]). Consider (R?, [Ty = (22 +y?) 0, A9,).
The Poisson tensor has only one singular point, the origin. Therefore the symplectic
foliation is composed of two leaves: the origin and the rest of R2. The Poisson cohomology
1S
HY(R? 1) =R (since constant functions on the symp. leaves are Casimir)
HE(R? Tl) = spang{z 0, + y9,, y 0, — x0,}

H%(RQ, IIy) = spang{d, A 0y, Ilo}.
(4.5.22)

4Notice higher order terms here vanish completely since £3I1 = [II, [II, X]] = 0 by Lemma 4.23.
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See the reference for explicit computations.
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Chapter 5
Integrability

The first two sections are based on [oevel1989r].

5.1 Classical R-matrix

Definition 5.1. An R-matrix is a linear map R : g — g on a Lie algebra g having the
property that the modified bracket

(X, Y]r=[RX,Y]+[X,RY], VX, Yeg (5.1.1)
defines a Lie product on g.

As customary, to the R-bracket on g is associated a Poisson bracket on g*:

{f,9}r(&) = ([df dg]r.&), V€€, Vf g€eC™(g") (5.1.2)
Proposition 5.2. A linear map R : g — g on a Lie algebra (g,[—,—]) is an R-matriz if
and only if
where
Br(X.Y) = [RX,RY] — R[X,Y]x (5.1.4)
Proof. Exercise, it’s just a computation. m

The operator Br measures how far R is from being a Lie algebra homomorphism. It
is quadratic on both terms. Notice that, while Bgr = 0 certainly satisfies the hypotheses

of the theorem, it doesn’t have to be the case:
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Corollary 5.2.1. A sufficient condition for a linear map R : g — g to be an R-matriz is
for R to satisfy the modified Yang—Baxter equation (mYBE):

Br(X,Y) = —c[X,Y], (5.1.5)
for some ¢ € R.

Clearly, up to rescaling of R, there are actually just two cases of the mYBE: the one
with ¢ = 0 (corresponding to the case where R is an automorphism of the algebra) and
the one with ¢ = 1. For this second case, there is a special class of solutions that arises in

a very simple manner:

Construction 5.3. Let (g,[—, —]) be a Lie algebra which decomposes (as vector space!)
asg=g. ®g_, for gr <g. We do not require [g,,g.| =0, i.e. the direct sum does not
need to be one of Lie algebras. Let pr, denote the projections onto g, and g, respectively
and write Xy = pry X for any vector X € g. Then we claim R = {(pr, — pr_) is an
R-matrix. In fact observe that, by virtue of the bilinearity of [—, —], the R-bracket follows
the splitting perfectly:

X, V]n = ;[x; _ X Y]+ ;[X, Y, — V]
:;([X+—X,Y++Y]+[X++X,Y+—Y]) (5.1.6)
= (XY - XY

Then its clear we can decompose the Jacobi identity of [—, —]z into two Jacobi identities
for [—,—], which hold by assumption. This class of examples is very ample as any

decomposition of g works.

Occasionally people find solutions of the mYBE which do not come from the decom-
position we've treated. In fact, there are a lot of examples but the great majority of them
is in the infinite-dimensional context. Indeed, this theory comes from that environment
(in particular the study of PDEs), and only later it was realized there was some honest

finite-dimensional geometry behind it.

Proposition 5.4. If h € Cas(g*,{—, —}) then its Hamiltonian vector field with respect
to the Poisson R-bracket is
Xitla = adg(ap|,) la- (5.1.7)
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Proof. For all f € C*(g*) and «a € g*,

X' (Dla = A{f. h}rla
= ([df]a, dho]r, @)

= ([R(df|a), dhlo] + [df |, R(dh].)], ) (5.1.8)
([R
(

[R(df|a), dhla], ) + ([df |, R(dh]a)], @)
= (adr(df|a) ldnla> @) — (@dR(dnla) ldf]a> @)
= —adpg).) (Mo + adg s, (o

Since ad’y is tangent to the symplectic leaves (Theorem 4.7) and h is Casimir, the first

term vanishes and the claim follows. O]

Corollary 5.4.1. If f, g, € Cas(g*,{—, —}), then they commute with respect to the Poisson
R-bracket.

Proof. Since f is constant on coadjoint orbits:

{f,9}r = adpy (f) = 0. (5.1.9)
]

Remark 5.4.1. The flow of X} for h Casimir lies in the intersection of the coadjoint orbits

of (g,[—,—]) and (g,[—, —|r). So it is ad” of something but also the ad}, of something.

Remark 5.4.2. Let (—, —) be an Ad-invariant (bilinear, non-degenerate) form on g. Then
this provides an identification g = g* sending adx to —ad’. In this case the equations of

motion (Hamilton’s) become (for the R-matrix)

dX
1 =~ e Ix = [X, R(dh)]. (5.1.10)

Example 5.1. In the case g = gl(n) (the Lie algebra associated to square matrices with
complex entries, but seen as a real manifold). Then Ad, X = gXg~'. We consider the
form (X,Y) := Tr(XY). It is Ad-invariant since

Tr(gXg 'gYg™") =Tr(¢XYg™")

=Tr(g 'gXY) b.c. trace is cyclic-invariant (5.1.11)
=Tr XY.
Some Casimir functions in (g*,{—, —}) are given by h; = Tr(X?) (where the apex is

an exponent), because any such function is Ad-invariant, hence constant on (co)adjoint

orbits.
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By the last remark, any Casimir function h on the Poisson algebra on g* let’s you find

the evolution given by X:

dX
i [X, R(dh)] (5.1.12)
The h;, for i = 1,...,n, are in involution, so they represent symmetries of the system.

These will turn out to be the most general spectral invariants of the matrix X.

These last ideas will be applied in the informative example of the Toda lattice
(Example 5.2).

Given an Ad-invariant form (—, —) and an R-matrix, then if h € C*(g*) from the

computation of Lemma 5.4 we get:

Cg; = [X,RVh| + R*[X,Vh] (5.1.13)

where R* is the (—, —)-adjoint of R ((RX,Y) = (X, R*Y)). If h is Casimir on g* the

second term drops, as we’ve seen above. Alternatively, in terms of adjoint actions:

XE(N)a = adggngy (Pla — adigpy (B (5.1.14)

In Equation (5.1.13), we could put any A € g in lieu of VA, interpreted as a 1-form 77.
Every other Casimir provides an integral of motion and they all commute. In the case

of gl(n), or its Lie subalgebras, a set of Casimirs is given by h; = Tr X*.

5.2 Lax Representations

Definition 5.5. Given a vector field X € X(/V) on a smooth manifold N, an open U C N,
a Lax representation for (X,U) is a smooth map (L, M) : N — gl(n) x gl(n) such
that

L.X(L(z)) = [L(x), M(x)] (5.2.1)
or, equivalently, L
T (L, M]. (5.2.2)

It mimics the evolution of a quantum operator in the Heisenberg formalism.

Proposition 5.6. The eigenvalues A\i(x), ..., \,(x) of the Lax matriz L are integrals of

motion of the system.
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Proof. Let t;, = Tr L¥, then eigenvalues of L are roots of its characteristic polynomial:
det(L — M) = (=1)" (A" +c A" L 4. 4 cp). (5.2.3)

Its coefficients can be written in terms of the trace through Newton’s formula:

t, 1 tits 1 titity tm
em ==t g > oot (=) . (5.2.4)
m Cij=m U Vitjth=m Y m:
Now, using the cyclic invariance of the trace to tackle the derivative, we obtain:
d k k—1
e Tr LY = k Tr([L, M]L")
= kTe(LML*" — MLF) (5.2.5)
= 0.
Then, as ¢y, ..., c, depend only on the traces, which we’ve just shown to be constant of
motions, the eigenvalues are constant of motions as well. O]

Theorem 5.7. Let (L, M) be a Lax representation for a vector field on some smooth
manifold N. Let G : N — GL(n) be a smooth map. Then

L'=GLG™, M =GMG™ - O(fG’, (5.2.6)

where t is the time of the Lax equation, is another Lax representation.

Remark 5.7.1. The transformation is in the same spirit of the gauge transformation of a

fiber bundle connection!

Proof. Using the formula det_l = —G19CG1 ) we get
dr’ d
— = —(GLG™!

dt dt( )

_dGé. -1 4G
= LG+ GIL MG - GLGT G
_ (iict;GlGLGl + [GLGfl’ GMGfl] . GLGlC;C:Gl (527)

_ lc(fa-l, L’] 4L, GMG™]

= L', M].
]

Corollary 5.7.1. Since L' is conjugate to L, hence they have the same eigenvalues, the

Lax representation obtained in this way yields the same integrals of motion.
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Example 5.2 (Classical finite Toda lattice, from [oevel1989r]). Take g = gl(n) as before
and split it into gy @ g_, where g is the space of lower triangular matrices and g_ = so(n)
the space of skew-symmetric ones. We will use the duality given by the trace to identify g
with g*. Then

g" = g= = {symmetric matrices}, (5.2.8)

and

*

g* = g = {strictly lower triangular matrices}. (5.2.9)

Consider the projection given by

(5.2.10)

where £ extracts the strictly lower triangular part, w the strictly upper triangular part

and d the diagonal. Likewise, we define projection operators on the dual algebra:

pri(L) = d(L) +u(L) +u(L)", (5.2.11)
pr* (L) = (L) — a(L)".
Then let
R(L) =pry (L) —pr_(L) = £(L) +2u(L)" +d(L) — u(L) (5.2.12)
RY(L) = pry (L) — pr’ (L) = —U(L) +2a(L)" +d(L) +(L).

We will build a hierarchy of commuting Hamiltonian equations on the space g. Now,

using Equation 5.1.13 we can put a Poisson structure on g:
1% (A)|, = [L, RA] + R*[L, A). (5.2.13)

We could now get the integrals of motion from the traces, but that approach would be
uninformative for the purpose of finding the system corresponding to the Toda lattice.
We take another route. Let

S={b+al_+T_.a} C g (5.2.14)
LieAlg
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where
ax by
) by
a = , b=
a1 bp—1
0 bn
(5.2.15)
01 0
0 1 10
T, = , T =
01 1 0
0 10

One could prove that, for any L € S and A € g, [T%(A)|, € S, which means IT5(A) is
tangent to S if L € S. This means im(IIz(L)) € T'S, hence by Theorem 4.3.1 there is
a unique Poisson submanifold structure on S, given by the restriction of I1z to S. The

function ¢, = %Tr LF is Casimir for the Poisson structure of the dual algebra, and

dL

Erale [L,RV¢y] and {c;,c;tr=0. (5.2.16)
k
For instance, take k = 2.
dL i)i:4a?—aﬂi,2
2 —[L,RVey) = [L,RL] < ( ) (5.2.17)
dt2 a; = 2a;(bit1 — b;)

These are Toda equations and describe a finite line of particles interacting (exponen-
tially) with their neighbours. This is a good example of a system which is not integrable
at first sight, but where its abstract study brings out the n integral of motions given by

the Casimir functions we found, so we can completely integrate it.

5.3 Bihamiltonian structures

We can think of the space of Poisson structures as a manifold, the submanifold of the
manifold of bivectors defined by the quadratic equation (4.2.10). It is not a vector space

per se, but since it lives inside X?(M), which is a vector space, can contain subspaces.

Definition 5.8. A bihamiltonian structure on a smooth manifold M is a 2-dimensional

linear subspace of the space of Poisson structures on M.
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An ordered basis (Ily, IT;) of such a space is called a pair of compatible Poisson
tensors. Since this means any linear combination of them is again a Poisson tensor, we’ve
already seen we must have

[Ty, IT;] = 0. (5.3.1)

Let us denote {—, —}; the Poisson bracket associated to the Poisson tensor II;.

Theorem 5.9 (Magri). Let M be a smooth manifold equipped with two different Poisson

C C>®(M) satisfying the

structures, Ily and I1,. Consider a sequence of functions {hy}, oy C

following “Hamiltonian recursion”:

{—, hp+1}0 = {—, hp}l; Vp € N. (532)
Then {hy,, hy}o = {hp, hy}1 =0 for all p,q € N.
Remark 5.9.1. The relation is not really a recursion, since to really write h,;; in terms of

h, one has to invert H(ﬁ) and then “integrate” which are both operations not possible in

general (as Iy might be singular).

Proof. Suppose ¢ — p = 2m, for m # 0. Then, by using recursion and skew-symmetry:

{hp hato = {hp, hg—1}h
= —{hg-1,hph
= —{hg-1, hps1}o
= {hp+1, hg-1}o

We managed to dimish the difference of the indices of 2, so that by repeating this m

(5.3.3)

times we’d arrive to {hym, hg—m }o = 0. Likewise, if ¢ —p = 2m+ 1 then we can arrive at

{hps hgto = - .. = {Pprms hgom o = { Py hg-m-1}1 = 0. (5.3.4)

Hence all the functions are in involution for the 0-brackets, and by the recursion relation,

it is a trivial exercise to check they are in involution for the 1-bracket too. O

Notice we actually didn’t use the compatibility of II, and II; to get this
result. Indeed, it is not necessary. However a bihamiltonian structure gives us a canonical

way to produce a sequence of functions in recursion in two particular cases:
1. when the rank of any II € spang{Ily, II;} is constant (and non-maximal), or

2. when one of the Poisson structures is non-degenerate, hence we have at our disposal

a symplectic structure.

Let’s start with the first one.
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5.3.1 The Hamiltonian recursion in the constant rank case

Definition 5.10. A marked line IIy 4 ¢II; in a bihamiltonian structure {IIy, II; } is called

a Poisson pencil.

Lemma 5.11. Let II. = Iy + €ll; be a Poisson pencil of constant rank for small ¢ and
k = cork(Ilg + €Ily) = cork(Ily). Then if ci,...,cx € Cas(M,Ily), then

{Ci,Cj}l = 0, VZ,j S k. (535)

Remark 5.11.1. This is remindful of the alike theorem for Lax representations (Corol-
lary 5.4.1).

Proof. Let 2m = rk(Ily), so that 2m + k = dim M. Let us choose Darboux—Weinstein
coordinates for Iy centered at p € M (¢ (p) = 0 in the notation of Theorem 4.19). Then

0 I 0
e, =1-1 0 of. (5.3.6)
0 00
Hence
O(e) I+0() Of(e)
(Mo +ell)® = | -1 +0() O(e) Ofe) |- (5.3.7)
O(e) O(e)  O(e)

The fact that rk(Il.) = rk(Ily) = 2m implies the determinant of any minor of order
2m + 1 vanishes. In particular, consider the minor M;; we get from adjoining the i-th row
and the j-th column (2m < i,j < 2m + k) to the upper left minor of size 2m. Developing
the determinant of such a minor with respect to the adjoined row, we obtain®

0 = det My;(e) = (—1)*™ (1T + eII7) +8@ = ellY + 0(e?), Vi, j. (5.3.8)

rightmost element others

Since det M;; is a polynomial in ¢ which vanishes on a whole neighbourood of ¢ = 0, thus
it must be the zero polynomial, implying II7 = 0 for 2m < 4,5 < 2m + k. Now recall that
1Y = {z', 27}, so this result about the components of II; translates to the thesis, since

the last k& coordinates of a Darboux—Weinstein system are (a basis for) Casimirs. O]

! An appreciable digression should be made about how did we obtain the stated equalities. Eventually,
the employed results are the consequence of a careful and attentive application of the definition of
determinant to the peculiar structure the involved matrices have, hence a challenging, if pedant, exercise.

Explicitly, we are using the fact that:

O(e) I+ 0O(¢)

I 1+ 0(e), (5.3.9)

while the same matrix with any line replaced by one whose entries are O(e) has determinant O(g).

Applying Laplace’s formula to the stated row leads to the expression of det M;; we used.
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Lemma 5.12. Let II be a Poisson structure of constant rank 2m on a (2m+k)-dimensional
smooth manifold M. Locally, in a sufficiently small open ball (in the topological sense, i.e.

homeomorphic to a ball of suitable dimension) U C M :

1. if X € HY(U), then X =0 (i.e. the Poisson vector field X is Hamiltonian) if and
only if X = II*n for some n € Q' (hence not necessarily closed),

2. if A€ HE(U), then A =0 (i.e. the first-order deformation given by A is trivial)

if and only if is zero on the Casimirs.

Proof.

1. If X =0, then X = IT¥(df) for some f € C>(M), then of course X € imII*. Con-
versely, suppose X € imII*. Let’s start by putting Darboux-Weinstein coordinates
(2%,&, ) on U of M. Use the Casimir coordinates to foliate the ball in symplectic
leaves. We'll denote with U, the symplectic leaf where Casimirs have a fixed value
c € R*. Then on any of these, Il|y, = 0, A O¢i. Consider now its transpose, which
is simply Darboux 2-form w, = dz* A d¢'. Extending w, on the whole ball U, we
would get a closed form, even if not a symplectic one. Now, since [II, X] = 0 then

Lxw,. as well, thus:

Lxw. = dixw. + txdw. = dixw,. = 0. (5.3.10)
Then, locally on U,, txw. = df. where f, € C>°(U.). We can write then

Lxw = df + transverse” part € Q'(U), (5.3.11)

where f(z,€,¢) = fo(z,€) € C>°(U). Remember, now, that ¢_w is the inverse of

w™! =TI|}; . Thus, leafwise

X

Ue = H‘%JC(LXW)
= IT*|. (df |y, + transverse part) (5.3.12)

= 11|y, (df.) + IT*|y,, (transverse part)

= 0 by def.

Thus, since the symplectic foliation of U partitions U, we get IT*(df) = [II, f] = X.

2. If A =0, then A = LxII = [X,II] for X € X(U), so that for ¢;, c; € Cas(U)

A(dey, deg) = (LxIT) (dey, dey), (5.3.13)

2Here and in the following “transverse” means along the k directions of degeneracy of the Poisson

structure.
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and to compute it we recall that

0=Lx{c1,e2}) = Lx(Il(dey, de)) =

(5.3.14)
= (ﬁx)<d01, dCQ) + H(EXdcl, dCz) + H, (dCl, EXdCQ),
so that, since Lxdf = d(X(f)) for all f € C*(M),
A(dcl, dCQ) = —{X(Cl), 02} — {Cl,X(Cg)} = O, (5315)

as stated.

Conversely, choose Darboux—-Weinstein coordinates z° = (¢’, p", ¢f). Consider the

k vectors given by the components of A in the transverse directions:

X, = A" 2m+ai, 1<a<k. (5.3.16)
ozt
Since A is zero on Casimirs, this means X!™™ = ( for i = 1,...,k, therefore

X, € im(IIT*) since it is tangent to the symplectic leaves.

Now, let us compute explicitly the components of [II, A] and of [II, X,]. As for
[IT, A], one finds by direct computation (using the S-N brackets definition and

properties)
[IL, A" = — (AM9, 1TV + A", 11) (53.17)
— (M9, AT + 117 9, A1), -
and since IT¥ are constant in D-W coordinates
[T, A)id2mtae — _(T1M g, AT 2mre 4 1M g, AZmHed), (5.3.18)
As for [II, X,], by direct computation one gets
[T, X, )Y = —(I1"9, AT2m+e 4 1M g, A?mHed), (5.3.19)
which proves that
L, X,)7 = [ILA]%, 1<a<k (5.3.20)
Now, by hypothesis [II, A] = 0, so we find
LT =0, (5.3.21)

that is X, is a Poisson vector field for all a = 1,... ,k: X, € H(U).
Therefore, we just built k& vector fields X, such that

(a) Xo € Hy(U);

(b) X, € im(II),
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so by the previous point, X, = [II, f,] for some f, € C*(U). In local coordinates
this reads A**™?™ = 21199, f, (1 < a < k), which implies the constraint on the f,

#4399, f, = 0. (5.3.22)

Let us now change representative for this cohomology class, taking A" = A — [TI, Z]

as the new one, where we defined ad hoc

R B S
7 — 2 : g2mta_~ 2 2f 39
dct a=1 faac“ (5 3 3)

a=1
Let us show why this is convenient. By direct computation one finds
[T, Z]P2mte = AP2mte, (5.3.24)
which implies that now the new representative is such that
AlrEmte = NrEmal — () (5.3.25)
while it keeps holding, just like for A,

A/ 2mata2mtb o (5.3.26)

0 0
oq* Op*

that is A can be really “restricted” to the symplectic leaves U., for all ¢ € U:

and directions,

This means that A’ only has non-zero components along

AL QYU — X(U,). (5.3.27)

This allows us to lower the indices of A and define, said w = dg¢* A dp;,
§ = waAFwy, € Q2(U), (5.3.28)
which means 0 = wo A ow, and correspondingly we have the leaf-restricted version
0 =w.0A,ow, VYeeUl. (5.3.29)

Now, II, = IT + €A is Poisson at first order in € if and only if [II, A] = 0, and this
is true by hypothesis. Moreover, we know II. is symplectic and A, is well defined,
therefore I |. = II. + €A, is Poisson if and only if [II|., A.] = 0, which is true by

hypothesis, and since
L' = wele = We — cwan A wje + O(€2) (5.3.30)

then w|. is symplectic if and only if dw.|. = 0, that is iff dd. = 0, which shows that

0. is closed on the symplectic leaves U..
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Therefore, analogously to what we did in point 1. of this proof, by Poincare lemma

do. is locally exact:
Se =dop. 3o € Q' (U,) VeeU (5.3.31)

so that, going back outside the leaves, & = d¢ + 8 for some & € O%(U), where
d(q,p,c) = ¢.(q,p) and & contains at least one dc® in each summand. Now, to

recover A’ we compose the identity § = d¢ + & with IT on both sides:

T10T1 = I1dIT + 1611 (5.3.32)
>~ =

so A’ = Ild¢lIl, and by direct computations one finds that
TId¢Il = —[I1, I1(¢)] (5.3.33)

that is A’ = —[II,TI(¢)] (where we mean II(¢) = 17 ¢;0; € X(M)). This proves

that A’ = 0, as we wanted.
O

Corollary 5.12.1. Let Il + lly be a Poisson pencil of constant rank for small € and on
some ball U C M. Then
I, =0 € Hy, (U). (5.3.34)

Proof. From Lemma 5.11 we know II; vanishes on the Casimirs of Ily, hence the corollary

follows from the second claim of Lemma 5.12. OJ

The meaning of the last result is that if (Ily, IT;) forms a Poisson pencil of constant

rank, then we can locally reabsorb any deformation of Iy by II; with a coordinate change.

Theorem 5.13. Let II. = Il — €ll; be a Poisson pencil of constant rank for small ¢
on a ball U on the manifold M. Let c'(g),...,c*(e) be k = cork(Ily) = cork(Ily — eII;)

independent Casimirs for 11, and let
cde)=c | +che+cle® +. .. (5.3.35)

be their Taylor expansion in € around € = 0 (it’s a power series of €). Then the sequences
{c;} oy 4Te in Hamiltonian recursion, and moreover they all commute with each other
P

with respect to both brackets:

{ehcbo = {c) i =0 (5.3.36)
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Proof. Since ¢'(e) is a Casimir of II.,

0={-c'(e)}
={- @} —e{=ceh

= ( i = 63;(6)}()6”“) +e ( i {-, c;(g)}lgpﬂ) (5.3.37)

p=—1 p=—1
o0 . .
= > {=glo—{— i)™
p=—1

where we set ¢' , = 0. Then the fact all the coefficients of the above power series vanish
correspond to the wanted recursion relation. Theorem 5.9 takes care of the commuting
relations among each of the k sequences {c;}peN, so we just need to prove the functions
commute also when in different sequences. To do this, we turn the trick we used for
Magri’s Theorem on its head: we spread the functions apart until one of them hits —1, at

which point we can use the fact ¢ ; is Casimir at ¢ = 0 (because the rest of the terms of
(5.3.35) vanish):
{Ciﬂ Cé}o = {C;, 6‘3}1}1
= —{62_1, C]ig}l
= _{CZ{—I? C;io+1}0

R (5.3.38)
= {cp11:G-1}o0

= {C;-&-q-i-l? Ci—l}U =0

]

Hence the “canonical way” to get an Hamiltonian recursion out of a bihamiltonian
structure of constant rank is to find the Taylor expansion of the Casimirs. How do we
find it?

Construction 5.14. One strategy goes like this. We have shown that if Iy — Il is a
Poisson pencil of constant rank, then IT; = 0 € Hf (U). This means IT; = LTI, for some
Z € XY(U). Let us make the additional assumption that L%y = 0, i.e. the Poisson pencil
is exact.

On a fixed coordinate patch, one can rectify Z = 9; so that Héj will depend linearly
on z! (since the second derivative vanishes), while IT¥ will be independent of it (since
Lo Iy = Ly L5115 = 0). This means that, if shift; is the change of coordinates sending
x1 to x1 — €, then

shift! (I1g)"7 = 1§ — eITY = I1%. (5.3.39)
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This shows that the Casimirs of II. are ¢’(¢) = shift!(c’ ,), hence we have a simple way

to get the desired functions from the Casimirs of Ilj:

2
. . . . £ .

c(e) =exp(eZ)c = | +eZ(c )+ EZ(Z(cil)) +... (5.3.40)

Example 5.3 (Toda lattice). Remember Toda’s equations from Example 5.2 (we rescaled

them by a factor to get nicer numbers later on):

a; = a;(biy1 — bi)

. (5.3.41)
by = 2(a7 — ai_,)
Geometrically, we think of aq,...,a,_1 and by, ..., b, as coordinates on a manifold. We
equip it with a Poisson structure by setting
{ai,bit1 = —ai,  {ai, b h = a (5.3.42)

and zero in every other case.
Usually, one gets the a;s and the b;s from another set of (physical) coordinates (p;, ¢;)

by the following change of variables:

a; = le%(Qi QL+1)
2 (5.3.43)
@ iy
5P

With respect to those coordinates, the bracket is just {g;,p;}1 = d;;. The Hamiltonian of
the system is

1
H:§(b§+...+bi)+a§+...+ai_1. (5.3.44)

The interpretation for this Hamiltonian is that the first term is a kinetic energy term
while the second is a potential energy term for an exponential potential which is defined

among neighbouring particles. The system has also a Lax representation as

by a 0
a1
L= ;
Ap—1
0 ap—1 bp_1
(5.3.45)
0 a 0
—ay
B = =pr_L=7u(L) — (u)L"

Ap—1
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In lieu of B = RL we have B = pr_L, but it is the same thing as
R=pr, —pr_=pr pr_—2pr_ =id —2pr_. (5.3.46)

The symmetries of the system are given by the trace of L, by + ...+ b,. It is a Casimir

function since
{Tr L,b;}; =0,
{TI' L, ai}l = {bl, ai}l + ...+ {bl, ai}l + {bi+1, ai}l + ...+ {bn, ai}l (5347)
=0+...40+—-a;+a;+0+...+0=0.

This, and the traces of higher powers of L, are the symmetries of the lattice (but only
the first are Casimirs).

We now give a second Hamiltonian structure to the system, by providing new Poisson
brackets. The pivotal observation is that the bracket we just defined is independent from
the b; coordinates, as we see from the definition (a b; coordinate never appears on the
right hand side). So we guess (there are actually good theoretical reason for this) there
might be a second compatible Poisson bracket linearly dependent on the b;s, to which we
could then apply the machinery we just derived for this case. So we start by adding a

linear dependence on b;s:

{CL,L', bz}g = —CLibl’, {CLi, bi+1}2 = (Iibi+1 (5348)

and then we correct the rest of the terms in order to satisfy the Jacobi identity:

1
{ai, a1} = 5 @ili+1, {bi, bi1}e = 2a;. (5.3.49)

So the Poisson pencil is exact (because II; is independent of the b; and Iy depends only

linearly on them), and

Z =3 0. (5.3.50)

One can show det L is a Casimir for {—, —}o, and we get shift!(det L) = det(L — ¢I).
This latter object is the characteristic polynomial of L evaluated at €, thus the coefficients
of its Taylor expansion in ¢ coincides with its coefficient as a polynomial, are exactly n

and given by the traces of successive powers of L.

The situation of this example is general: given an R-matrix for a Lie-Poisson structure,
there’s a canonical way to construct a second (and actually even a third) compatible
quadratic Poisson structure. The spectral invariants we get from the Lax representation

are then in Hamiltonian recursion for this pair of Poisson structures.
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5.3.2 The Hamiltonian recursion in the symplectic case

In the case one of the Poisson is symplectic, we do not have enough Casimir functions® so

we need a different approach.

5.3.3 Nijenhuis structures

For this section, we refer to [magril984geometrical]. In this seminal paper, Magri and
Morosi set out the theory of Poisson—Nijenhuis geometry, which deals with “compatible”
tensor structures of Poisson, Nijenhuis and symplectic type. The article obtains hierarchies
of symmetries out of this especially nice situation, through the method of Hamiltonian

recursions.

Definition 5.15. The Nijenhuis torsion is the operator

T(N)(X,Y) = [NX,NY] - N(INX,Y] + [X, NY]) + N[X,Y], VX,Y € X(M),
(5.3.51)
where N € X1(M).

Definition 5.16. A tensor field N € X](M) is called Nijenhuis if it satisfies T(N) = 0.

Definition 5.17. A Nijenhuis manifold is a smooth manifold M equipped with a

Nijenhuis tensor N.

However, the most interesting situation comes when a Nijenhuis structure coexists

(nicely) with a symplectic or Poisson structure:

Definition 5.18. A symplectic—Nijenhuis manifold M is a symplectic manifold
(M,w) equipped with a Nijenhuis tensor N such that

S(w,N)=0, wN —N'w=0. (5.3.52)
where S' is an operator defined as

S, QNX,Y) = Lov (X — Lox(nY +nQ[X, Y] +d(nQY, X), XY € X(M).
(5.3.53)

The first condition is a compatibility, a fortiori condition, which arises from computa-
tion regarding how Hamiltonian vector are preserved by the Nijenhuis tensor (it basically
implies that the symmetries arising from Lemma 5.23 can be Hamiltonian if we start with

Hamiltonian fields). The second condition expresses antisymmetry for wN, where the

3This is especially true for the constant rank case: in fact, under this assumption the non-degeneracy

of one Poisson structure forces non-degeneracy in the other, so we really do not have any Casimir.
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spurious minus sign comes from the antisymmetry of w itself. In the case N = Ilw, then
it is fullfilled and it’s really an antisymmetry condition (since wllw is the composition of

an odd number of antisymmetric tensors, thus antisymmetric itself).

Definition 5.19. A Poisson—Nijenhuis manifold is a Poisson manifold (M, IT) equipped
with a Nijenhuis tensor NV such that

R(II,N)=0, NI -IIN*=0 (5.3.54)
where R is an operator defined as

R(P,Q)(,X) = Lpa(Q)X — PLx(Q*a) + PLoxa, o€ Q'(M),X € X(M).
(5.3.55)

The first intriguing geometric result about these structures is that any “symplectic—
Poisson” manifold can be given the structure of both a symplectic-Nijenhuis manifold,
by defining N = Ilw, and that of a Poisson-Nijenhuis manifold, by setting w = II7!N

(actually, in the case that II is non-degenerate).

Lemma 5.20. Let II be a Poisson structure on M and w a compatible symplectic form.
Then

dw(llw)") =0, Vn eN. (5.3.56)

Proof. Since w is compatible with II, (w™!,II) is a bihamiltonian structure. In particular,
w™! — €Il is Poisson and non-degenerate if ¢ is sufficiently small, so that (w™! — eIl)~! is
symplectic, and

[e.e]

(W™ M1 — ewIl)) ™ = <Z(5wH)”> w=w + ewlw + 2wlwlw + . . .. (5.3.57)
n=0

Because symplectic implies closed, and d it’s a linear operator, the above expression gives

the thesis for every value of n € N. m

Proposition 5.21. Let I1 be a Poisson tensor and w a symplectic form on some manifold

M, such that d(wllw) = 0. Then Ilw is a Nijenhuis tensor.

Proof. The proof rests on the following identity, whose lengthy proof can be found in
[magril984geometrical]: given P € X?(M) and n € Q*(M),

T(Pn)(X,Y)=[P,PlnX,nY)— PS(n, Pn)(X,Y). (5.3.58)

Now, when P = II and = w, we have [II,II] = 0 as II is Poisson, dw = 0 as w is
symplectic, and d(IIQ2) = 0 by hypothesis, therefore all the terms of T'(Ilw) vanish, as

claimed. O
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Indeed symplectic, Poisson and Nijenhuis structures dance around each other in an

interesting way:

Symplectic | Poisson | Nijenhuis | given that
w I1 Hw d(wllw) =0
w Nw™! N Conditions (5.3.52)
o'N I N Conditions (5.3.54) + II is non-degenerate.

But even more interesting is the fact that symplectic— and Poisson—Nijenhuis manifolds
actually come in well-behaved hierarchies: starting from (w, N) or (II, N) we can define

new structures of the same type by iterated composition:
Py = N¥P, Q1 = QNF. (5.3.59)

This in turn originates from the fact that Nijenhuis structures come in hierarchies, given
again by iterated composition (so that when (M, N) is Nijenhuis manifold, so is (M, N*¥)
for any k € N).

Lemma 5.22. When N is a Nijenhuis tensor,
Lyx(N)=NLx(N), VX eX(M). (5.3.60)

Proof.

T(N)(X,Y)=[NX,NY] - N([X,NY]+ [NX,Y]) + N?[X,Y]
= (Lyy(NX) = NLny (X)) = N(Ly(NX) — NLy(X)) (5.3.61)
= Lyy(N)X — N(Ly(N)X).

Thus when N is Nijenhuis, the thesis follows. O

Lemma 5.23. Let N be Nijenhuis and let {X1,...,X,,...} be a system of vector fields

in involution and preserving N (Lx,N =0 for any n). Then
[IN*X;, N"X;] =0, (5.3.62)
where exponents denote repeated application.

Proof. We get the claim by repeated applications of the Leibniz rule, and in the last step
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using Equation 5.3.60:

[IN*Xi, N"X;] = Lyrx,(N"X;)

h—1
= (Z N”,CN;@Xi(N)Nhanj> — N"Lx, (N*X;)
n=0

h—1
STNN¥ Ly, (N)N" "' X; | = N* Lx,(N*) X; — N"™* Ly X,

n=0 — N———— N——
0 0 0
= 0.
(5.3.63)

]

A peculiar fact about the hierarchy of Poisson tensors we get out of a Poisson—Nijenhuis
structure is that
[, I1;] = 0, Vi, j; (5.3.64)

so Nijenhuis tensor become a rich source of bihamiltonian structures. Then Lemma 5.23
tells us that when we find a system of commuting fields which preserve N, we get out a
whole hierarchy of them. One can show that X; is Hamiltonian with respect to each II;,

7 <1, and that this fact characterizes completely integrable systems.

5.3.4 The recursion

Theorem 5.24. The functions

1
hp+1 = m Tr N}H*l’ (5365)

for positive p, satisfy the recursion
dhy+1 = N*dh,. (5.3.66)

Remark 5.24.1. Notice that, when N = Ilw, N* = wll by antisymmetry. This means the

recursion is

dhy1 = wlldh,
w ™ (dhyy1) = T1(dhy,) (5.3.67)
{_’ hp-i-l}w*l = {_7 hp}H

that is, the Hamiltonian recursion of Magri’s Theorem! However, the result is completely
general since we do not assume N to be in a particular form, indeed, we do not even

assume the manifold to be Poisson or symplectic.
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Proof. Recall contractions commute with Lie derivatives, then we compute
<dhp+1: X> = X(hp+1) = £th+1
1
=Lx | Tr ——NP*!
p+1

pA41
— T Ty (NPLyN
p+1 (NPLxN)

= Tr(N?"'LyxN) by using (5.3.60)
1

= ,CN)((TI" *Np)
p

= (dhy, NX)

= (N*dh,, X), VX € X(M).

96

(5.3.68)

]

Hence with this theorem we found the hierarchy of symmetries we were looking for in

the symplectic (non-degenerate) case of a bihamiltonian structure. In fact, if (Ip,II;) is a

compatible pair of Poisson tensors where Il is non-degenerate, N = II,II; ' is Nijenhuis

and the hierarchy is given by the spectrum of N (as per previous theorem).



Chapter 6
Deformation quantization

For this chapter, see [cattaneo2004formality]|, [kontsevich2003deformation] and
[gerstenhaber1964deformation].

In classical mechanics the state of a physical system is represented by a point p € M
on the phase space M, which is moreover equipped with a Poisson structure II. Its
evolution is described by the flow ¢X» : M x R — M of the vector field associated to the

Hamiltonian h € C®(M):
dp(t)
dt
An observable of the system can be thought as any other function f € C*®(M): its

value at p € M is the result of measuring the corresponding physical quantity when the
system is in the state p. Clearly its evolution can be computed by simply probing f at

p(t), but we can also compute directly its evolution using the Poisson brackets:

d{iy) ={f, h}. (6.0.2)
Hence, for a classical system, the algebra of the observables is C*(M).

In quantum mechanics, what happens is similar but the geometry is different. Tra-
ditionally the state of a quantum system is encoded by a point in an Hilbert space! H.
The Hamiltonian function gets translated to an Hamiltonian operator H € L(H) (the
latter being the space of continuous linear operators of H into itself), and time evolution

is given in terms of the flow

T H xR —H

(6.0.3)
(0,) — @0 =1 ()
of the linear vector field (i.e., whose components are linear functions)
V] = —~H(v). (6.0.4)

h

I An Hilbert space is a complex, infinite-dimensional, vector space equipped with an Hermitian inner

product making it into a complete metric space. In practice, states on the same line have the same

physical meaning hence we actually deal with the projectivization PH of the Hilbert space.)

97
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This is summarized by the equation
(h;l(t’f) = —%H(v(t)), Vo € H, (6.0.5)
In this sense, the mathematical setup is remindful of the mechanics we’ve seen so far:
given an observable, we produce dynamics, even tough now everything is linear.
Analogously to what happened to the Hamiltonian, observables become operators
too. However, in QM the value of an observable O € £(H) on a state v € H is
generally not uniquely defined, as each measurement can give a different outcome,

altough you can still speak of its statistical expectation value given by
(O0)y := (v | Ov), (6.0.6)

where (— | —) is the hermitian product of # (here we use normalized v € H, i.e. (v|v) = 1).
Now, since (O), should be a real number, we require additionally that physical
observables have to be represented by self-adjoint? operators. Thus the algebra
of observables is now given by self-adjoint linear operators L'(#).

As in the classical case, the evolution of a system can be computed with two different
strategies. In the first (the Schrédinger picture) we imagine states evolve in time
while observables (as operators) remain fixed. In the second (the Heisenberg picture),
observables evolve and states remain fixed. To deal with both cases, we start from

Schrodinger’s equation to define a time evolution operator:
U(t) = exp(—itH/h). (6.0.7)

This operator enjoys various properties: it is unitary (UTU = I), it is “additive” (U (t; +
ty) = U(te)U(t1)) and its is the identity at t = 0. In terms of U, Equation (6.0.5) can be
expressed as

v(t) = U(t)v(0) = exp(—itH/h) v(0). (6.0.8)

Thus U directly evolves states. On the other hand, if O is an observable, its evolution is

defined to be

O(t) :=Ul(t) OU(t). (6.0.9)
Hence
(O(t)v = (O)uiry
= (v(t) [ Ov(t))
= (exp(—itH/h)v|exp(—itH/h) v) (6.0.10)
= (v|exp(itH/h) O exp(—itH/h)v).

o(t)

2The precise definition of self-adjointness is subtly technical: a self-adjoint operator is a symmetric
one ((Tw|u) = (v|Tu)) such that the domains of T and T coincide.
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The action on O by U looks like the adjoint action (Ad) of the group L£(#) on the
observables. We know what is the vector field which generates the action, so that we can
write

dO(t) 7

— = —7lo).H] (6.0.11)

This equation is suspectingly similar to the classical evolution equation (6.0.2) (indeed,
the brackets [—, —] can be interpreted as linear Poisson brackets, but since we are in the
infinite-dimensional context it is difficult to work with them).

Is this similarity just an accident, or can we actually find classical mechan-
ics inside quantum mechanics (as a sort of “limit case”)? The answer is known to
be yes (essentially, taking the limit # — 0). The reverse procedure is called quantization,
and recovers a quantum description from a classical one. It can be made in various ways,
through analysis and geometry, but here we’ll explore a purely algebraic way to deal with
this problem, called, indeed, deformation quantization.

The idea of deformation quantization is to do without the explicit representation (in
the technical sense) of the “algebra of observables” as self-adjoint operators on an Hilbert
space and just describe evolution of elements of an abstract non-commutative associative
algebra through Equation (6.0.11) (which doesn’t involve the Hilbert structure). Hence:
start with an Hilbert space description of the system, build the algebra of observables
and represent it on another non-commutative (but still associative) algebra.

In fact, the non-commutativity relations among the observables (i.e. Heisenberg
uncertainity) can be seen as to arise from a non-commutativity of the product of the

observables:

[f.9] = fg—9f =0 <= the product is commutative (6.0.12)

We observe, moreover, is that this non-commutativity is first-order in A: it means that it
vanishes when A does, and that its principal part is already 0. This suggest a way to deal
with quantization by deformation of the product of the algebra of observables itself, by

“expansion in power series of A”.

6.1 Deformation theory for commutative rings

Throughout this section, let R be a commutative ring®. See [gerstenhaber1964deformation]

for a rigorous algebraic treatment of deformation.

3If you are not familiar with rings, look up the (simple) definition. But you can go on and just think
R to be Z, Q, R or C. Moreover, later on, R will always be a field (usually R or C).
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Definition 6.1. A formal power series is a sequence of elements {a,},.y € R which

we write as Y02 a, h". The set of such formal expressions is denoted by R|[[A]], and has

the structure of an R-algebra: for any a,b € R[[h]],r € R:

a+b:=> (a,+b,) ",
n=0
ab = Z (Z akbn_k> h", (6.1.1)
n=0 \k=0
roa:=>Y (r-a,) "
n=0

Notice that R is naturally embedded in its algebra of formal power series, with the
product being the same as in R.
The construction of the ring of formal power series passes functorially to its category

of modules, simply by extension of scalars:
Al[h]] := A ®r R][A]]. (6.1.2)

Hence also R-linear maps between modules can be promoted automatically to R|[[A]]-linear

maps. We are interested, in particular, in bilinear forms:

Definition 6.2. A R[[A]]-linear map uy, : A[[A]] — B[[R]] is said to be defined over R if
it is the R[[Ah]]-bilinear extension of an R-bilinear map u: A — B.

The map py is defined from p by imposing the following:

i (i an ﬁ") = iu(an) n, v i a, h" € A[[h]]. (6.1.3)

n=0

Definition 6.3. Let A be an associative R-algebra with unit over a commutative ring.
A formal deformation of A is an associative algebra® (A[[f]], %) over R[[A]], having the

following form

a*xb=ab+ i pn(a,b) B, Va,b e Al[A]] (6.1.4)

n=1
where ab is the canonical power series product (6.1.1) and the coefficients (i, are bilinear

forms defined over R.

Remark 6.3.1. Intuitively, a formal deformation is the same product of A “up to higher-
order terms in A”. All the fuss about R[[A]]-bilinearity is there to mean that, in practice,
the product (in particular, the coefficients pu,,) is defined on elements of A and then

extended to the whole power series algebra.

4We are not assuming unitariety.
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Proposition 6.4. Given a formal deformation (A[[h]],*) of an associative unital R-algebra
A then

>tk (@, b),¢) = po—r(a, p(b,c)) =0, V¥n€N,a,b,ce A (6.1.5)
k=0

Proof. The stated identity is derived from the associativity of =, written “degree-wise”.

Notice the role of R[[A]]-bilinearity of the coefficients in the penultimate step:

(axb)*xc=ax*(bx*c)

(i fin(a, b) ﬁ") *C=ax (i n (b, ) ﬁn>

io“" @ pi(a, ) ﬁk”) = iun (a, > ulv,c) hk> P _
io: i un(uk(a, b hk+n Z Z ,Un a Uk b C )ﬁk—l-n

n=0 k=0 n=0 k=0
Z/‘n k(px(a,b), Zun k(a, pg(b,c)), Vn €N,
k=0 k=0

6.1.1 Star-products

Let M be a finite-dimensional smooth manifold, dim M = n. From now on, C*(M) will

denote the algebra of complex-valued smooth functions.

Definition 6.5. A multi-differential operator of rank k£ on M is a k-multilinear
map D : C®°(M)* — C>*(M) such that there exists a N € N for which in each chart
(U,x',...;2") of M

Ofilv Ofklu
B LIy
D(fla..-7fk)’U_ Z D g 8:1:11 &Clk (617)

[1i|<N
where |I| := Y ,<, I;, D" € C>°(U), and

0 oh ol
= — ... . 1.
ox! (z)h (zm)n (6.1.8)

The smallest N for which this condition holds for D its called its order (basically it

measures the highest-order derivation D depends on).

Definition 6.6. A x-product on M is a formal deformation of C*°(M) given by

frg=fo+ X Bl o, fig€ COM)A] (6:19)
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where B,, are bidifferential operators on M and such that
Ilxf=fx1=f Vfel>®M)IHh|). (6.1.10)
A x-product on M with B, of order at most n is called natural.

Remark 6.6.1. Compared to the general case, the requirement of on the coefficients of
the product is there to impose local dependence of the product on the factors, as phyiscs
should depend only locally on observales. The additional condition 1% f = f implies the
deformation does not even involve the values of the factors, but just their derivatives.
Indeed, it could be restated as B, (1, f) = B,(f,1) = 0 for n > 0, hence each B,, in a

*-product has no zeroth order term for n > 0.

There are three most prominent examples of x-products, related to what are called
ordering operators, which are, intuitively, formal symbolic operations which reorder

products of operators in a suitable way.

Example 6.1. On R? with coordinates (g, p), we define the standard product:

e =\ & (i) o f g
i8p8q> gi; rl Opr Oq"

f*sg—feXp< (6.1.11)

The arrow on a differential operators means it acts on the left or the right argument,
respectively.
It is immediate to see that fxs g = fg+ O(h). Associativity is easier to show using

the following form for the product:

(f*xs 9)(q,p) = /dCJ’ dp'6(¢' —q) o(p" — p) exp (7;8;7/&1/) f(d,p)glg,p). (6.1.12)

Let us try and understand where this x-product comes from and how it is related to
the so-called standard ordering of operators in quantum mechanics.
On the subalgebra of polynomials C[p, q] C C*(R?), consider the map defined as the

C-linear extension of
ps : Clp, q] — Diff i (R)
5o\ (6.1.13)
q"p" — " () )
i dq
where Diff,,,;(R) is the space of differential operators acting on C>°(R) with polynomial
coefficients in the variable q.
Notice pg is not a morphism of C-algebras, only C-linear, because its domain is
commutative while its codomain is not. Therefore, it fails to be a representation.

It follows that this map pg explicitly makes an ordering choice, since operators don’t

KO
commute: calling Q) = ps(q) = ¢- (the operator that multiplies by ¢) and P = pg(p) = e
t oq
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ps brings all the @s to the left and all the Ps to the right. For instance:

ps(a®p) = ps(pd®) = Q°P # PQ*. (6.1.14)

Indeed, the whole point of quantization is to pass from a commutative regime (here, the
algebra of polynomials) to a non-commutative one (its deformation).

Remarkably, the standard ordering of differential operators and the standard product
are tightly bound together, as it holds

fxsg=ps-(ps(frs(g)), Y[ g€Clpaql (6.1.15)

By a density argument, we could actually extend this definition to the whole algebra
of functions. Let us also point out that associativity of the star-product in this form is
trivial to prove.

Let us verify this relation in the simpler cases:

1. ¢ xs ¢ = qq. On the other hand, given 1) € C>*(R),
(ps(q) o ps(@))¥ = ps(a)(q¥) = (qq)¥
= ps(q) o ps(q) = qq (6.1.16)
= ps' (ps(q) 0 ps(q)) = g4 = ¢ *s ¢,

as we wanted.

2. pxsq=pq+ % On the other hand

h 0 h h O
(ps(p) o ps(q))y = ;m = (z + iq8q> (0 6.017)
-1 h
= ps (ps(p) o ps(q)) = - ap,

as required.

3. g *s p = qp. Untouched, since the q’s are already all on the left. Let us point out
that, then,
4, Plss = iR, (6.1.18)

which is exactly the commutator we wish to reproduce in Quantum Mechanics

between the position operator () and the momentum operator P.

Example 6.2. On R?, equipped with a Poisson tensor 11¥0,: ® 0,,, we can define the
Moyal product:

(6.1.19)
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Again, the product comes from an ordering (the Weyl ordering) which can be defined

on polynomials as the C-linear extension of

pum : Clp, q] — Diffpol(R)

(6.1.20)
qmpn —_ Z A -0 Aa(m+n)
( + n UGSm+n
where
q- H1<k<m
A = h o (6.1.21)

—— ifm+1<k<m+n

i 0q
Basically, the Weyl ordering resolves noncommutativity by “symmetrizing” the product
(which turns pj; into a proper map of algebras). For instance, the function ¢?p € C[p, q|

is mapped to

puldn) = 5 (QP+QPQ+PQ?)

(6.1.22)
—~—
—2/6
where we set () = ¢- and P = %8(1. It can be shown to have the property
Example 6.3. On C, we have the Wick product:
o0 a?"f 8""
= 2)‘18 8 1.
fxw g = fexp( E_% T! = (6.1.24)
It comes from the Wick ordering;:
pw : C[z,z] — Diff(C)
1—1
0 _
2 A:=2h— the “annihilator” (6.1.25)
0z
z— Al =% the “creator”
22" s (AT A
It has the following property:

6.1.2 Relation to Poisson manifolds

Proposition 6.7. If A is any commutative associative R-algebra and axb = Y7 i, (a, b) A"

is a formal deformation, then the bracket

{a,b}, == p1(a,b) — p1(b,a), Vf,ge A (6.1.27)

defines the structure of a Poisson algebra on A.
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Proof. Linearity and skew-symmetry are evident. The Jacobi identity follows from the

second-order associativity identity:

po(ab, ) + pi(pr(a,b), ¢) + pz(a, b)e = pa(a, be) + pi(a, pi(b, ) + auz(b,c)  (6.1.28)

Its total antisymmetrization with respect to a, b, ¢ gives the sought identity. Similarly,

Leibniz rules comes from the first-order associativity identity:

pi(a,b)e — pi(a,be) + pi(ab, ¢) — apq (b, c) =0 (6.1.29)
By adding the same expression with a exchanged with c:

—a{b, c}y + {ab, c}, — {a,bc}, + {a,b},.c = 0. (6.1.30)

Now add to this the same equation the one with b exchanged with ¢ and substract the

one with a exchanged with b. O

Corollary 6.7.1. Given a x-product f g = Yo" Bn(f,g)h" on a smooth manifold M,
the bracket {f, g} = B1(f,g9) — Bi(g, f) gives M the structure of a Poisson manifold.

Remark 6.7.1. We have

[f:9) = f*g—g* [ = 1{fln=0, gln=o} + O(F") (6.1.31)
so that '

which means quantum mechanical dynamics converges to classical dynamics in

the classical limit &7 — 0.

6.1.3 Equivalence of x-products

The last round of results linked deformations of an algebra to its admissible Poisson struc-
tures. Yet this link is still quite weak, as we don’t know (1) if different deformations give
different structures and (2) if every Poisson structure derives from a suitable deformation.

We'll explore these two problems in the context of x-products (i.e. “differential”
deformations of the smooth functions algebra on a manifold), starting with a notion of

equivalence between them.

Definition 6.8. A formal linear operator D : A[[h]] — B][A]], where both A and B
are algebras on the commutative ring R, is given by a sequence {D,}, . of R[[A]]-linear

operators defined over R:

D= D,H" (6.1.33)

n=0
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Definition 6.9. Two star products * and *# on a smooth manifold M are said to be
equivalent if there exists a formal linear operator D : C*(M)[[h]] — C=(M)|[A]], of the

form

D=1+ D,n" (6.1.34)

n=1

where [ is the identity, such that the following commutes:

/

ce(M)[[A] < cx(M)[[A)] ———— C>=(M)[[A]

lD lD lD (6.1.35)

ce(M)[[]] > C=(M)[[A]] ———— C>=(M)[[A]].

Remark 6.9.1. Notice an equivalence operator D is invertible as a formal power series

(because it starts with Dy = I') which means commutativity of the diagram entails:
[+ g = DHD(f) = D(g)). (6.1.36)

However, D is not really a morphism of algebras since it is defined as a power series, so

it slightly more general than that.

Remark 6.9.2. If B, and B), are the bidifferential operators for the x-product x and
respectively, then it follows from the fact that B, and B] have no zeroth order terms
(Remark 6.6.1) that the D,, are differential operators with no zeroth order terms

(for n > 0). This is proved, for example, in [gutt1999equivalence].

Example 6.4. The Moyal product is equivalent to the standard product through the

ho 0
N :=exp <22 8q5p> : (6.1.37)

This means, moreover, than the two ordering ps and p;; are related

linear operator

pu(f) = ps(N(f)), VfeC*(M). (6.1.38)
Example 6.5. The operator
M = exp (ﬁ(a2 - 82)> (6.1.39)
4 q p
witnesses the equivalence of Moyal’s and Wick’s products:

M(f *a1 9) = M(f) ~w M(g). (6.1.40)

Then all three examples we made are equivalent. However, in infinite dimension
the standard product converges and the Wick product diverges. Hence changing to an

equivalent x-product can renormalize the theory.
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Lemma 6.10. Let x and ¥ be x-products on a smooth manifold M, with coefficients B,

and B!, respectively. Then

1. if x and ¥ are equivalent the Poisson brackets associated to them are the same,

2. there is an equivalent x-product ¥ with B|(f,g) skew-symmetric, so that

Proof.

1. Let D be an equivalence operator between x and *'. Computing explicitly the first

term of D(f x g) gives

D(f*g):f*g—l—ZDn(f*g)ﬁ"
n=1

(6.1.42)
= fg+ (Bi(f,9) + Di(fg)) h+ O(1?),
and likewise
D(f) D(g) = fg+ (Bi(f.9) + Di(f)g + fDi(9)) h + O(I*). (6.1.43)
Then comparing the two, we get:
Bi(f.9) = Bi(f,9) = Di(fg) + D1(f)g + fD1(9) (6.1.44)

Subtracting from this equation the same one with exchanged arguments, on the
left we get {f, g}« — {f, g}+, while the right hand side vanishes as it is symmetric

under exchange of arguments, proving the claim.

2. Our strategy will be to use (6.1.36) as a definition for ', showing a suitable

equivalence operator D exists. Equation (6.1.44) gives an expression for Dj:

Di(fg) = Bi(f,9) — Bi(f,9) + Di(f)g + fD1(g). (6.1.45)

By using commutativity of C>°(M) as C-algebra, we can sum this equation to

itself but with f exchanged with g, to get

2D1(fg) = D1(fg) + Di(9f)
= B(f,9) + Bi(g, ) = (Bi(f,9) + Bi(g, ) +2D:(f)g + 2f D1(g),

=B'{(f.9) =B (f.9)

(6.1.46)
where -* denotes the symmetric part of its argument. Assuming Bj to be skew-

symmetric, we get

Di(fg) = Di(f)g + fDi(g) — ;Bf(f, 9)- (6.1.47)
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Let us choose D to vanish on linear functions of some local coordinates (z', ..., x"),
i.e. D(z') =0 fori=1,...,n. Then on quadratic monomials
Da(a's?) = Dofa)e) + ' Dyfa?) — 5 BY (o', %) = =B (a'. %), (6.1.48)

where Bf" denotes the symmetric part of B;. We can go on on cubics, but here

we have to check our definition of D; respects associativity:

Dy((x'2?)2*) = Dy (2'a?)2" + 2’27 Dy (2%) — By (2727, 2¥)
= — B (2%, 22" — B (2’27, 2")
= —B;( ‘ 5Uj$k) — inBf(aUk,a:k) by first-order assoc. (6.1.49)
= 2'Dy (27 2%) + Dy (2 272" — B (27, 272%)

= Dy (2 (272")).

By induction, this guarantees the well-definedness of D; on any product of
coordinates. Then D, exists and it is uniquely defined locally on polynomials. To
get a full definition for D;, we appeal to density of polynomials to extend to the
whole C*°(U), and then we can use the machinery of partitions of unity to glue all

the local definitions to a global one.

]

This result established that equivalent x-products induce the same Poisson brackets
(answering problem (1) abovementioned), but we can’t say nothing about the converse
(problem (2)). Infact the second point of the lemma isn’t strong enough to allow us to

appeal to transitivity and say
x ok =T K (6.1.50)

In fact the middle equality above isn’t given at all. Indeed, the lemma constrains only the
first coefficients of the “antisymmetrization” of each x-product, and we don’t know nothing
about the rest of them. Hence we are left with a classification issue for deformations of a

Poisson algebra:

Problem. Given a Poisson manifold (M,{—,—}), classify (up to equivalence) the *-
products on M such that

frg=fg+ SUF.aMh+ Y Bulla) (6.151)
n=2
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6.2 Formal deformations of Poisson structures

Actual deformations of Poisson structures Il on a smooth manifold M are classified at
infinitesimal level by HE (M) as bivectors A € X?(M) such that [IT, A] = 0 up to bivectors
of the form LxII for some X € X*(M). Basically, this corresponds to study the tangent
space at II of the space of Poisson structures on M, so this can tell us some things about
admissible deformations but doesn’t tell the full story.

The full story is told by finite deformations, which are then harder to study because we
do not have a great control or insight into the global structure of the manifold of Poisson
structures. We would like to study them up to diffeomorphism, i.e. we consider II and IT'

equivalent if there is a diffeomorphism ¢ : M — M which sends one into the other:
I~I — II' = ¢,II. (6.2.1)
If we let X € X*(M) be the derivative of ¢, then we can express the same condition as
IT" = exp(tLx)IL. (6.2.2)

This suggest that we can see such a deformation as a Taylor series, so we can try a formal

approach to such objects:

Definition 6.11. A formal Poisson structure is a Poisson R][[A]]-bilinear product on

the associative commutative unital algebra C*(M)[[R]] of the form:

{f,9}n =D _ T (df,dg) " (6.2.3)
n=0
where II; € X*(M).
Remark 6.11.1. The condition for {—, —} to be a Poisson bracket imposes conditions
on the II;s: they have to be anti-symmetric and II; = 272, II; % (the formal Poisson

tensor) has to satisfy the Jacobi identity, while Leibniz rule is satisfied automatically by
the requirement of the II; to be bivectors, hence differential operators on each argument.
If we previously fixed a Poisson tensor II, then any formal Poisson structure with IIy = II

its called a formal deformation of II.
To give an updated definition of equivalent Poisson structures, we “formalize” the

group of diffeomorphisms M too, by first formalizing vector fields:

Definition 6.12. A formal vector field is a formal sum X = Y% X.h" € X1 (M)[[h]]
where X € X'(M) for every k € N.

The algebra X' (M)[[h]] is a Lie algebra when equipped with the -linear extension of the

usual Lie brackets of fields. Then we can recover the group of formal diffeomorphisms
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on M as its Lie group. It is defined to be the set of symbols exp(AX) where X € X'(M)[[A]],

with group structure given by a formal extension of the Baker—-Campbell-Hausdorff formula:

exp(hX) - exp(hY) :=exp (hRBCH(X,Y)) = exp(A(X +Y) + fg[X, Y]+ O(K?).
(6.2.4)
The exact expression of BCH is not relevant here, let us only observe that all terms of
the formula are given by iterated Lie brackets. This group acts on formal Poisson tensors

by formal pushforward:

exp(hX). Il := exp(h Lx)I1;. (6.2.5)

Definition 6.13. Two formal Poisson structures IT and II" are equivalent if there exists a
formal vector field X € X'(M)[[h]] such that

IT" = exp(hX),II. (6.2.6)

6.2.1 Kontsevich’s Theorem
The seminal result for the theory, solving our classification problem, is the following:

Theorem 6.14 ([kontsevich2003deformation|). For any manifold M there is an ex-
plicit bijection between the set of equivalence classes of formal Poisson structures on M
and the set of equivalence classes of x-products on M, such that if 11 corresponds to %,

then

In particular if M comes equipped with a Poisson structure 11, the x-product associated

with the null deformation (11, =11) is called canonical.

Kontsevich’s Theorem is a very beautiful and deep result. The proof is not straightfor-
ward and requires some advanced techniques so we’ll skip over it, but the formula for the
bijection —however convoluted— can be given nonetheless. The rest of the chapter will
be devoted to this goal.

We will construct the operators B, in * in local coordinates® (z!,...,2%) as a sum
of contributions involving H%j over a certain set (finite at every order) of special graphs

(related to Feynman diagrams, although in an unusual way).

5To get an intrisic formulation, we’d have to work a little more. Kontsevich himself proved its theorem
in R™, hence in local coordinates, hinted at an intrisic formulation, but left the problem to be solved by

others. Cattaneo provides such a formulation.
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6.2.1.1 Admissible graphs
Definition 6.15. A quiver I is the datum of

1. a set VI whose elements are called vertices of the quiver,

2. a set Er whose elements are called arrows or edges of the quiver,

3. two structure maps s,t : Er — Vi (called the source and target).

Remark 6.15.1. Basically, quivers are graphs decorated with directions for the edges

(oriented graphs).

Example 6.6. The quiver defined by

Ve ={1,2,3)
Er ={a,b,c,d}
S:CL|—>1, t:ar— 2 (628)

b—1, b2
c— 2, c— 3

d— 3, d— 3

can be represented graphically as
b
\ (6.2.9)
3

Clearly, d is a loop and a and b make a double arrow.

Definition 6.16. Given a quiver I', a (small) loop in I' is an arrow a € Er with
s(a) = t(a). A double arrow is a pair a,b € Er with s(a) = s(b), t(a) = t(b).

Definition 6.17. An admissible graph (or admissible quiver) of order n is a quiver

I' such that
1. VF = {17,71} U{LaR}7
2. br = {alabla cee >an>bn}>

3. s(a;) = s(b;) =i for any i € Vp,
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4. T has no loops and no double arrows.
The set of admissible graphs of order n is denoted G,,.

Example 6.7. G, is made by only one element,

° ° (6.2.10)
L R

.
/ \ (6.2.11)
I R
.
/ \ (6.2.12)
I R

The set G5 is made by 36 elements, two of them are

al a2
/ 0 (6.2.13)
°

(g1 is made by two elements:

and

h
e

and

~_
/ b2 \ (6.2.14)

t~e
e

A G, admissible graph is
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and there are other 159 999 graphs of this order. The number of distinct order n admissible

graphs is in fact

G| = (n(n + 1))™. (6.2.16)

Definition 6.18. The bidifferential operator Br p, associated to an admissible graph

I' € G,, and the formal Poisson structure II; on a d-dimensional manifold M is expressed

in local coordinates (z!,..., z9) as
Brmn,(f,9) ==
I:Er—{1,....d} act—1(4) act—1( aet—1(

(6.2.17)

where the product for differential operators is intended as composition.

Example 6.8. Let’s find the bidifferential operator associated to (6.2.15) on an arbitrary
manifold M. Let’s start by unpacking the first product of derivations, which is a product
on the “numbered” vertices, hence has four factors: we thus put four Poisson factors in

place.
Im 1m 1 IL (6.2.18)

Then we put the two factor coming from L and R, thus given by the last two products.

They make f and g factors respectively, so we put those in place as well:

I I f g (6.2.19)

Then we can put indices on the Poisson tensors, which are completely determined by

their positions. For conciseness, we denote I(ax) with i, and I(by) with jj:
[TiJr  [riedz qisds  [lads f qg. (6.2.20)

Now we look at the derivative operators. We put them by successively look at each vertex

and the arrows going into it:
(03, 117) (95,05, 11%72 ) (03, 05 T IT) (0, 0, ) (03,9) (6.2.21)

The summation is then already implied by the summation convention on repeated indices.

Clearly, it will have more and more terms as d grows.

The coefficients B,, of the x-product associated to II; come from these operators,

however they are also weighted in a particular way.
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6.2.1.2 The weights

Definition 6.19. The Poincare half-plane is the manifold supported on the upper part
of the Gauss’ plane
H={peC|Im(p) >0} (6.2.22)
endowed with the Lobachevsky metric:
(dz)? + (dy)?
Y '

The Poincare half-plane is a model of hyperbolic geometry. The given metric has

(ds)? = (6.2.23)

half-circles with center on real line Jm (p) = 0 as geodesics, including those with infinite

radius which degenerate to vertical lines.

We define a function ¢ : H?> — R/27Z which to each pair (p,q) of points in the
Poincaré half-plane associates the angle between the vector ¢p and the vector ¢p (in this
order) or, equivalently, to the angle between the vertical line at p and the geodesic between

p and ¢ (in this order):

Analytically, ¢ is given by

(p, q) — arg <f]_z> = Liog (q_p : H) . (6.2.24)
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This function is holomorphic over H? and extends continuously to Jm (p) = 0 or Jm (q) =
0.

Now let I' € GG,, be an admissible graph. Let us denote with R, the set of possible
isometrical embeddings of I' in H sending L to 0 and R to 1, i.e. the set of possible n-tuple
of distinct points from which we realize geometrically the graph I' using arcs of geodesics
to draw the edges. Notice the set R, is actually independent of I', as any n-tuple of

distinct points can be used to draw isometrically any graph in G,,.

Figure 6.1: A realization of the admissible graph (6.2.13).
Civen a realization Vi 3 m +— m € H, define ¢, to be ¢(s(a),t(a)). Thus ¢, measure
the abovementioned angle for the edge a. These are represented in Figure 6.1.

Definition 6.20. The weight wr associated to I' € GG,, is defined as

wr = G 2n/ A déa. (6.2.25)

aEEp

Then the integral can be done, with a change of variables, in the ¢,,, ¢, coordinates

and it can be proven that

Lemma 6.21. The integral defining wr converges absolutely for every admissible graph T'.

6.2.1.3 The formula

Finally, we can write down the sought formula.

Theorem 6.22. To a formal Poisson structure 11y it is associated the x-product given by

J*ng = Z Z wr Br, (f, 9)- (6.2.26)

FEGn
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Moreover, this definition is stable (up to equivalence of *-products) under change of

coordinates.

Example 6.9. Let II; = IT = I1%9,0;, with J,I1¥ = 0 for any k. This means that only
those I' € Gy with t(Er) C {L, R} contribute to the associated star product, as this
guarantees no derivatives of the Poisson tensors appear in their term. Such graphs look
like this:

where we didn’t label the arrows as for each vertex there are two choices, so for each n
we get, in total, 2" non-vanishing terms for the nth degree coefficient. The symmetry of
exchanging ay with by changes sign to d¢,, A dop, A ... ANdog, Ndepy,, and so does wr. On
the other hand, the corresponding term also changes sign under this exchange, since a
term II**J% changes to II*% = —II'%Jk by skew-symmetry. In the end, this gets us

B.(f,9) = — Z wrBrn = 2"wr, Br, n (6.2.28)
n! &,

where I',, is the graph (6.2.27) labelled as to have all a; edges going into L and all the by
into R.

We know what Br, 11 looks like:

Bpmn = Hiljl L HZan (91»1 . f 3]1 .. ]ng (6229)

To compute the weight, we solve the relevant integral. Notice each vertex can be positioned
in the same points (i.e. the condition T # 2 is virtual), and that all angle variables relative
to different vertices are independent as there are no edges between them. With these

considerations, we can already simplify the computation to the following:

/Hd% Addy, Ao A da, Ady, — (2;)2” (/H b, N d¢b1)n. (6.2.30)

Wr = (272

Then by fiddling around in the Poincare upper half-plane, we see that (1) ¢, < ¢, for
any position and (2) all angles are achievable by a suitable configuration of the vertices.

Therefore:

27T — (/ doa, /\d%) = (/0% O% d¢ad¢b>n = (2;)% (27T ;( QW)H = 2171 (6.2.31)

So, in the end we get the Moyal product:

| o R
fag= A0, 0, f By, 05,0 = f exp (Hwaiaj> 9= frug.
(6.2.32)
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Remark 6.22.1. The Moyal product is the x-product associated to II = I179; A 9;, where
1Y are constants. It’s associated to the null deformation. Locally every constant rank
Poisson tensor is expressible like that, in Darboux—Weinstein coordinates. This means

that, locally, the first-order expansion of the associated product is:

frg=fg+hI90,f8;g + O(H?), (6.2.33)

6.3 Retrospect

Our goal was to produce (C*(M), ) so as to have observables f in there which obey the
equation »
O.f = %[f, Bl (6.3.1)
In the undeformed setting, the evolution of f was given by the time evolution operator
(ref):
fF&)=U®"fO)U() (6.3.2)

In the deformed case we need to correct the operator, starting from the exponential:

g*xg  g*xg*xg g
exp,(g) =149+ 5+ 5 te=) (6.3.3)
n=0 """

To get predictions out of the theory, we need necessarily some states on which evaluate
observables. Where do we get them? It turns out we can interpret some functions of the

algebra as states (the so-called Wigner functions).
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