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Part 1

Meloni’s Lectures






Basics Definitions and
Compartmental Models

All models are wrong, but some of them are useful.
— Unknown author

Models in science have two different roles: understanding what happens and
predict will happen. Models can be of two types: simple and more complex ones.
In the simplest ones we just consider the minimal number of parameters and events
involved: this indeed allows to understand what are the main mechanisms of a phe-
nomenon.

In this course, we are going to start with very simple models in which we assume
that there is no structure behind in the population. Obviously this is not accurate,
but allows us to understand at a first glance some underlying mechanisms. Then, we
are going to consider social structures and introduce contact network models. We
will also take into account interactions among different populations and exploit data
to understand how members move from one population to another. Finally, we are
going to introduce the so called “Agent Based” models, for a quick overview on them.

1.1 Compartmental models

We now introduce the compartmental models. These are fundamental since
the most of epidemiological theories are based on them. In reality, however, there are
different levels of understanding how diseases can diffuse: we can consider the disease
only at a biological level, or at simpler one. Note as it is practically impossible to
insert all the details of a process in a single model. We therefore need to summarize all
the biological processes in few parameters which describe, on average, what we can
see inside the population. This is the same principle behind the statistical mechanics
in which we look for large scale (macroscopical) effects.

Let us consider a population of individuals and try to characterize it. Note as we
have not made any assumption on the individuals and relationships between them.
We now introduce three different compartments, denoted with S (that stands for
Susceptible), I (Infected), R (Recovered), and want to label people according to the
stage of their disease, as seen in Fig. However, one should note that there can be
also transitions from one state to another one, according to some rates that describe
the dynamic. For instance, in Fig. these are 8 and pu.

This approximation, on the other hand, is quite strong: by keeping the rates
fixed we are assuming that the process underlying the spreading of the disease is
Markovian. In reality, we do not see exponential distributions (i.e. decays), but
some other distributions such as the Gamma one. This last point, however, will be

3
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4 Chapter 1. Basics Definitions and Compartmental Models

discussed during the course when we will deal with “non-Markovian” epidemics.
The interpretation we may give to 3 is the “per contact” infectious rate, in this way
we only need to count the number of contacts. Different models can be introduced
according to the type of the disease: for instance SI, SIR, SIS, SEIR and so forth.

One should note that medical status is actually different from infectious status.
In the latter we do not care about medical status of the person, but only about the
disease and how the immune system reacts against it.

As an example, for the SEIR compartmental model, we have four main stages of
the disease: starting from a healthy state (Susceptible), the individual can contract
the disease (Ezposed) and then, only after some time, becomes infectious (Infectious)
until he recovers (Recovered) (Fig. [1.2). The most important thing to keep in mind
is that these compartments are not the same ones of the medical status, since they
keep into account different parameters despite the disease is the same one.

Now, let us introduce the Basic Reproductive Number Ry (pr. "R naught”)
which is a measure of the infection in the population. If we wanted to empirically
determine it: we put one guy inside a group for an arbitrarily long time period and,
at the end, we count the number of secondary cases we have. This is the main
idea behind the computation of Ry. This parameter therefore determines whether a
disease will spread or not:

Ry<1
Ry=1 (1.1)
Rop>1

Let us consider the plot of Fig. we have a sort of second order phase tran-
sition at the point Ry = 1. Note that Ry for the SARS is higher than the one of
COVID-19. However, since we did not observe any outbreak of that disease, it means
that the Basic Reproductive number is not the only relevant parameter to be taken
into account in the models. In order to compute Ry we assume that the population
is totally susceptible. This is however valid only at the very early stages, later on,
we must consider both epidemiological and demographical aspects. The conclusion
is the following: Ry may vary from one population to another.

Since we are doing a coarse-graining of the dynamics, this number represents
the average of all possible different distributions. A wrong argument is to think that
similar Rg’s lead to similar outbreaks. The distribution of infections can be quite
heterogeneous: the mean could be quite representative only if we are dealing with
homogeneous populations, that is not the case for real networks. For instance, let us
consider the plot in Fig. We see that SARS was heterogeneous, while Spanish
Flu was a more homogeneous one. COVID-19 is most likely somewhere in the middle.

Let us now introduce the Effective Reproductive Number R(t), which is the
same of Ry but varying wrt time. Hence, it is the average number of secondary cases

S - Susceptible (Healthy) I - Infected (and infectious) R - Recovered (immune/dead)

{rartoons from Petter Holme's bloa)

Figure 1.1: Classification of infected population in three different stages of the disease.
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Figure 1.2: A sketch of the time-line of infection, showing the dynamics of the pathogen
(grey area) and the host immune response (black line) with the labeling for the various in-
fection classes: Susceptible, Exposed, Infectious, and Recovered. Note that the period when
symptoms are experienced (medical status) is not necessarily correlated with any particular
class of epidemiological models.

that a single case produces in a population at time ¢.

08 -1
B" 0.6
g X
by | No epidemic Epidemic ]
g Absorbing phase Active phase
S
S 04l .
i3
02 —
f ] ! | L ] !
0
0 1 2 3 4 5

Basic Reproductive Ratio, R,

Figure 1.3: Fraction of infected vs basic Reproductive Ratio, Ry.
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Figure 1.4: Figure from: Lloyd-Smith et al. Nature 438, 355-359 (2005).
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6 Chapter 1. Basics Definitions and Compartmental Models
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Figure 1.5: Figure from: Ferretti et al. https://www.medrxiv.org/content/10.1101/
2020.09.04.20188516v1

Other important quantities we may want to introduce are:

e Infectious period: average period for a person to be infectious is computed

either as 7 = i or T= (ai#) where the presence of a depends on the model

(o average duration of "exposed time" stay).

e Incubation period: period of time between infection to occurrence of symp-

toms

e Generation time: time for an infected person to generate a second infection

e Serial interval: time between the onset of symptoms for a person and the
onset of symptoms for another second infected person

e TOST: time between the onset of symptoms to an infection

A problem in predicting a possible outbreak of a disease is that TOST in many cases
can be negative (see Fig. for more details).

1.2 Basic models

In this lecture we are going to introduce some of the basic models we will use
for the entire course. The first assumption we make is that we are in well-mixed
populations, or in other words homogeneous mizring. Mathematically, it is what is
called mean field approximation.

In the well-mixed population assumptions, it holds that that:

e all individuals are equivalent, hence every one has the same probability of
being infected;

e cvery individual has the same number of contacts N — 1, or on average (k);

e we are in a closed population. That is to say that the sum of the density
distribution of the individuals is equal to 1, hence we have no deaths or births.
In practice, we are assuming that our time scale is so little that we can consider
the population constant.

1.2.1 SI model

The simplest model one can think of is the ST (Susceptible Infected). In this model
one can get the infection and, once we have got, we cannot recover, that is to say we
stay infected forever.


https://www.medrxiv.org/content/10.1101/2020.09.04.20188516v1
https://www.medrxiv.org/content/10.1101/2020.09.04.20188516v1
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The transition diagram that describes this model is the following:

S+1 147 (1.2)

where [ is the “per contact” infection rate and dictates the speed of the spreading.
We can write down the equations that can be solved exactly:

ds

— = —[(k) si

o= i
i B (k) si

where (k) represents the average contacts, while i stands for the fraction of infected
people in the entire population (i = I/N), and s is the fraction of susceptible people
in the population (s = S/N). Note as prefactor (k) is constant, therefore sometimes
it can be "absorbed" inside 5. The product si is the probability of having a contact
between an infected and a susceptible, and Ssi is the probability of having a contact
between an infected and a susceptible which in turns leads to an infection.

One of the most important quantity we may want to introduce in our lexicon is
the so called prevalence i = %, that is another way to define the density of infected
people wrt the entire population.

In order to solve it analytically, we recall that our population is closed. Therefore
s+1 =1, and it follows that we only have one equation to be solved since s = 1 — 1.
We have that:

%:Bi(l—i) %;di:dt %;diqLi

dt Bi(1 —4) B(1—4) g di=dt

Integrating both sides:

—log|l —i|+logli| = Bt +C) — % = PO — 4Pt
-1

with A =1ip/(1 —ip). The result is:

igeﬂt

i(t) = T i T iodh (1.4)
which is a sigmoid function (Fig. that always saturates at 1. One should note
that after the first part, where the growth is actually exponential EL then at a certain
point the slope starts to decrease. The reason for this is that the contribution given
by the term si, namely the probability of funding new susceptible people, decrease.
Finally, we saturates at 1 after some. As can be clearly seen from Fig. [I.0] it is the
value of 5 that drives the spreading. By increasing it, we obtain a faster exponential

growth. This actually was the simplest model one can think of.

Remark. In the course we are going to use capital letter for integer numbers, while
small letters refer to densities.

1.2.2 SIS model

Now, let us introduce a slightly more complicated model, that is the SIS model,
where compartments are Susceptible, Infected, Susceptible. Transitions now are two:

S+18% 7147

(1.5)
145

Tt is the one we have seen in the media for COVID-19.
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0.8

0.6

i(t)

04

0.2

t

Figure 1.6: Plot of the solution of the SI model for different 5.

where the first transition is mediated by I, that is to say we need to encounter
another infected to contract the disease, while the second one occurs spontaneously
according to the rate p.

This model is used for diseases that do not confer immunity. When we use the
expression endemic state it means that the disease keeps on circulating in the
population for very large times.

The most important feature about this model is that it is the simplest one where
dynamical equilibrium can be reached. Therefore an individual may recover from
the disease, but he does not get immunity. Indeed there are always people infected
that can propagate the disease. The u is the recovery rate which determines the
time-scale of the infection. Dividing 8 by p you can rescale all the dynamics. The
equations are exactly the same as before, except for a term:

ds

di . '
O = B {k)si— i

and in addition can solved in the very same way we previously did.
Also, the shape of the solution is a sigmoid as before:
— 1)eB—mt
e
i(t) = ig—— 0 W (17)
(B — ) + Bio(elF=mt — 1)

Note that we have included (k) inside the definition of 3: it can be done since both
of them are constant. By plotting it, one should note that despite the same form,
we do not saturate at 1, but at B Hence, as we said, we have some sort of
dynamical equilibrium: the number of new infected is more or less the same of
the new recovered people at each moment. The density i(¢) will therefore fluctuate

around this value 6% and, by enlarging p, we can obtain larger fluctuations (Fig.

%)
It can be instructive to study what happens according to this model at the tran-
sient. At the beginning, one can assume that almost the entire population is com-
posed by susceptible people (s ~ 1), while the number of infected is very small
(i < 1). Hence, the differential equations can be rewritten as following:
ds

3 = Bk si = pi~ B k)i — i = i(t) ~ igeBRI—mt (1.8)
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Figure 1.7: Plot of the solution of the SIS model.

One should note that if 8 (k) < p there is no spreading at this point anymore, while,
if (k) > p the exponent becomes positive and from this follows the exponential
growth at the beginning (Fig. |1.8]).

.

(0
i0) ‘: BKY <
] t

Figure 1.8: Initial transient for the SIS model.

One very important thing is that considering the steady state we can have two
possible behaviors, according to the limiting values of the incidence:
di 1=0 k) <
di o) pk) < p
dt i>0 B(k)>p

and we have that, in the long run, the incidence is different from zero only when the
epidemics has not become extinct in the early phase. More formally:

i>0<:>ﬁ>ﬂczi (1.9)

(k)
where (. is known as the epidemic threshold. This tells us whether the disease is
going to spread.

In addition the epidemic threshold is the minimum value of the infection probabil-
ity for which the disease survives. This is what in physics is called a second order
phase transition (Fig. [1.9). In this case the critical exponents are the same of
the Ising model, since they belong to the same class of universality. (. is one of the
most important quantities we are going to study.
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i(co)]

epidemic extinction
virus death

epidemic spread
virus survival

Vv

Pe

Figure 1.9: Epidemic diagram.

One may ask what is the relation between Ry and the epidemic threshold. Ob-
viously, they are strongly correlated. We actually say that given a critical value,
below it we have no spreading, while above we have a fraction of infected people.

We refer to these two different cases as it follows: if our § < ., then we end
up in the so called epidemic extinction and the virus, in the long run, will not be
present any more. On the other hand, if 5 > f., the virus is going to be present in the
population and therefore survives. This is the so called endemic state. Behavior
around the critical point might be of our interest and can be studied using Statistical
mechanics formalism and/or numerical simulations.

The epidemic threshold is given by the condition under which we observe the
spreading. Mathematically, given a specific model, its critical version will return the
values of the parameters for which Ry = 1. If we are slightly above this threshold,
we only need a minimum of infected people and the disease is going to spread. Con-
sidering for instance the case of the SIS model, the S, critical is such that it makes
Ry being equal to 1:

B.: Ro= =1 (1.10)

1.2.3 SIR model

We now discuss the so called SIR model, whose compartments are Susceptible,
Infected and Recovered. The idea behind is the same one of the SIS, but we are
now adding a new state which accounts for long lasting immunity (R). Hence, once
a person has got the disease and has recovered, he obtains a long immunity. Recall
that, since we assumed that the population is closed, its density is still fixed to 1.

The transitions for this model are:

S+18% 147

(1.11)
I45R

and one should note that we cannot have any endemic state. For large times all
individuals will have been infected, and recovered, so the disease will be spreading
no more.
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The differential equations that describe this model are:

d
(Ti = —B (k) si
d New infections  Recovery
) — =N
S Blas - i (112
dt
dr .
R 1
at "
i(t) 4 ! :
Noisy Exponential Final

regime growth regime

SIS

SIS

v

it ]

SIR

v

1 2

Figure 1.10: Epidemic regimes.

This is actually a good point to introduce the different regimes we may en-
counter during a spreading, which are represented in Fig. for the SIS and SIR
models.

Initially, at the beginning of each spreading, we see the so called noisy phase
where numbers are too small to cause a large spreading. Here we can observe only
some sort of stochastic fluctuations. In many cases, we can end up without any
spreading: this may happen if we assume that some nodes are much more linked
than others (the so called super spreaders), and we are able to recognize and stop
them before they can infect anyoneﬂ If it is not the case, the disease starts spreading
according to the characteristic exponential growth. Later, the slope slows down
until we reach the steady state: for the SIS the disease keeps circulating among the
individuals (endemic state), while for the SIR it disappears (absorbing state).

In order to compute the epidemic threshold for the SIR model, the path to
follow is the same as before. In particular, we assume that at the starting point s ~ 1
and r < 1, hence:

Qi
d%; = B k) si — pi ~ B k)i — pi — i(t) ~ igeBRI=IE = joen(Ro=1)t
where we introduced the Ry = B%) Tt should be clear now why estimating Ry is

such important: it drives the exponential growth in early phase. Once again we see

2the assumption is one of the basis for heterogeneous mean field models. We will discuss them
later in the course.
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that we have no extinction when 8 > S.:

1
Since it is difficult to obtain an analytic expression for S and I in this SIR model

unless we make some assumptions, we want to study what is the behavior for large

times (¢ = oo ). Dividing d s (00) — 0 one obtains that:

i
dtby% ,andconsideringthat

ds _ B (k)

dr W
Assuming moreover that g = 0 and integrating the above expression wrt r, we obtain:

r(t) 22

s(t) = spe
As already said, we cannot find an analytical solution, but we can study the behavior
for large times by making some approximations. At ¢ = oo, it holds that i(co) = 0,
thus s(co) =1 — r(00) because of the closed population assumption:

—~
(k)

—r(o0) ——

1 —7r(c0) — spe o=

This is a transcendental equation that cannot be solved analytically, but still gives
important hints on the behavior of the disease.

One may note that Ry = (k) /i, and this should make us understand why it is
Ry that drives the exponential growth of the disease, being it proportional to S (k).
Moreover, the initial fraction of susceptible people (so) plays a role in shaping the
final fraction of recovered. In particular, if so < 1, the disease cannot spread. This
is how herd immunity can be obtained.

1.3 Extensions of the SIR model

We want now to modify the SIR to take into account some more features we want
to implement our model with.

1.3.1 SIR with Demography

So far we have assumed that the population was totally closed, and so densities
always sum up to 1. This is actually unrealistic, so our next step will be to drop
the closed population assumptions: we will now introduce births and deaths. This
reasoning is justified from what we observe in real world: considering the demography,
we note as every year there are new children that are infected by diseases such as
Measles and Chickenpox. Anyway, we do not expect that they will die out over
weeks, but still it tells us that newborns increase the populations to the susceptible
compartment.

The simplest assumption we can make is: similar to the infectious period, indi-
viduals can have a lifespan, denoted as 1/a ([a] = year—!). Note as in this approxi-
mations lifespan is much greater than the infectious period, so deaths are not due to
the disease. In this way we assume that « is the death rate, common to all classes.
Moreover, « is also the crude birth rate, and in addition we assume that births occur
only for susceptible individuals and therefore increase its density.
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In order to keep the population constant, we need to assume:

ds di dr
D T 1.14
dt + dt + dt 0 ( )
Our equations become then:
d
£ =a— fsi—as
Qi
d—z = Bsi— ui — i (1.15)
dr )
— =i —ar
a "
where the infectious period is:
1
T = (1.16)
a—+ i

on average, individuals spend less time infected because some of them may die while
infected. However, it is a small change compared to before, since lifespan is much
greater than the infectious period.
Also, Ry is reduced due to mortality:
s

Ry = = 1.17
0o =Bt ot (1.17)

We want now to study the equilibrium points of the dynamic for this model.
Assuming:

ds _di _dr
dt  dt dt
we want to find the equilibrium values s*, ¢* and r*. It holds that, at equilibrium:
di , , . ok -
&:02581—#2—0& — Bs* i — (u+a)i*=0

and, collecting ¢*, we obtain the following equation:

[BsT = (p+a)] =0 (1.18)

which is not differential anymore.
There are two different solutions for this equation: the one for which * = 0
(disease free state) and the one for s* = O"# = R%’ which is the endemic state.

Here, the most important result is that the SIR model with demography can
actually show an endemic state.

. « 1 :  ds __ . C
Replacing s* = o n g =o— (si — s, we obtain:

ool LN o
1T = 5 (1 R())_B(RO 1)

Finally, the three equilibrium values (s*,i*,r*) for the fraction of infected, suscep-
tible and recovered in the endemic state are:

1 « 1 «
s* it r* :<,Ro—1,1——R0—1> 1.19
(s7") = (o 50 = D1 = = = S(Ra— 1) (1.19)
Keep in mind that this solution exists only if Ry > 1 and we obtained the equation for
r* by reverting the formula s* +4i* +r* = 1. Moreover, via linear stability analysis, it
can be demonstrated that this equilibrium is stable and is reached through damped
oscillations.
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1.3.2 SIRS Model

We now introduce another model, in which we take into account that during
the years the immune system may lose the ability to recognize a known
pathogen. This immunity could have been acquired via either a vaccine, or having
recovered from that disease itself. Moreover, there could be the possibility that viruses
mutate, as it occurs with the seasonal influenza, and so antibodies are not able to
recognize it any more. Hence, let us build a model in which after an individual is
recovered, can become again susceptible after a certain period of time.

The SIRS Model allows to interpolate between SIR (w = 0) and SIS (w — o0),
where w is the waning immunity rate, namely the rate at which we lose our
ability to defend ourselves from a certain pathogen. We can end up again into either
an absorbing, with no more disease, or endemic state, where it keeps on circulating.
The transitions for this model are:

S+I1 27147
14 R (1.20)
RYS

In particular, the differential equations that describe the model are:

% =a+ — 5 ) —

- otwr—psi—as

Qi

—dz = fsi — pi — i (1.21)
dr e —

g M- wr—or

In this case, the endemic state can be found by setting the derivatives equal to
ZEro.
One may note that the transition R — S does not affect the I, so it holds that

for the infectious period:
1

a+

(1.22)

while the Rg factor is:

1.23
P (1.23)

In addition, the equilibrium values s*, ¢* and 7* can be easily obtained using the
same arguments as of the SIR model with demography.

1.3.3 SEIR Model

In reality people do not become instantaneously infectious, but there is a latent
period which is the time between infection and becoming infectious. Indeed, the
pathogen replication takes time, i.e. viral load is too low to be able to transmit the
infection. This argument leads us to introduce the Susceptible, Exposed, Infected,
Recovered model, where the class E takes into account that a person has already
contracted the disease, hence is not susceptible anymore, but is not able to spread it
yet.

Moreover, this period can be extremely heterogeneous depending on the disease:
it can take from few hours to years, such as the case for HIV or, even longer, T BC'.
In the latter, latent periods might appear to be even longer than an individual’s
lifespan, with the result that he may have contracted the disease, but the death
occurs for other causes before the onset of any symptom.
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It is important to remind that the latent period is not the same of the incu-
bation period (see Fig. . An individual can be infectious before symptoms.
For instance, there might be a pre-syntomatic infection period as it occurs in the
case of COVID-19! This explains, once again, why medical status is different from
the infection status.

Medical TR O . :

swesllll healthy f incubation § diseased | recovered
Infection | H e, j

Status healthy :latent. le recovered

\

Figure 1.11: Difference between infection status and medical status.

The transition for the SEIR model are:

S+I15T14+E
EST (1.24)
I5R

with the equations:

=a— fsi —as

=pBsi—(a+o)e
(1.25)
— =ce— (a+ p)i

= ui —ar

Hence, the spreading is delayed due to the time spent in F class.
The endemic state is:

o (a+p)(at+o) 1

Bo Ry
g:fuzju%Ro_D (1.26)
f:%u%—n

For very short latent time (o — o0) we recover the endemic state of the SIR.
The Rg factor is:

_ po
o= (a+ p)(a+ o) (1.27)

Since latent time is way shorter than demography one, usually 2= =~ 1, hence

Ry = a’%ﬂ as in the SIR with demography.
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One may object that, given that the infectious period and Ry are similar between
SEIR and SIR, adding the Exposed class may seem an unnecessary complication.
However, if we look at the time evolution, at the early stages there is a huge
difference between SEIR and SIR model:

6(\/4(Ro—1)Uu+(o+u)2—(0+u)>t/2

iserr(l) ~ ~ igel VoL ue (1.28)

iSIR(t) = ioe(RO_l)“t
Even if the behavior at the steady state is similar, the temporal evolution of the
prevalence of SEIR model is actually slower than the one using SIR. This has surely
to be taken into account in policy making, given its important implications.

The SEIR can be the starting point for modeling realistic diseases: i.e. Covid-19

(see Fig. [1.12).

2.3 days

Figure 1.12: Model for Covid-19.

1.4 Summary of compartmental models in well-mixed pop-
ulations

Let us summarize all the compartmental models in well-mixed populations we
have tackled so far:

e we solved the SI model analytically, and observed that the growth is the one
of a sigmoid:
. Bt
ity = — o™
1 — g + igeft
In the early stages we observe an exponential growth, governed by ([, that
always saturates at 1;

e in the SIS model things starts to change. We have an endemic (meta-stable)
state:
i(00) = B—n
g
which is a sort of dynamical equilibrium we reach. We can define an epi-
demic threshold 3. according to which epidemics might spread or not:

_ K
B>5c—<k>

if 8 > (. then no exctinction for the epidemics occurs.

e for the SIR model equations cannot be solved analytically. However, we ob-
serve no endemic state and the epidemic threshold is once again:

_ M
/8>50—®
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e then, in the SIRS model we introduced waning immunity. This model
interpolates between SIR and SIS model. We do observe endemic state and
the infectious period is:

1

o+

T =

and moreover:

B

R =
0 -+ [

e finally, we discussed SEIR model in which we included a latent period. We
have that:
Bo

(a+pa+o)

and the Exposed class has the effect to slow down the spreading.

Ry =
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Network Science - Basics

2.1 Main definitions

When we talk about Network Science, as the name would suggest, we study Net-
works that, in math, are also known as graph. A Graph G(V, F) is simply an object
that is composed by a set of nodes (vertices) V and a set of links (edges) E:

e nodes represent the entities V = [...,4,5,k,...] involved in some relationship.
These might be entries, people belonging to a social network and so forth. The
number of nodes is N = |V|;

e links represent the relationships between entities £ = [...,(i,7), (i,k),...].
The number of links is L = |E|.

Links can be of different kinds and so networks: the basic distinction is between

undirected and directed links. The former ones can be thought as directed edges,
but with arrows pointing in both directions, i.e. to both node of the pair. While the
second ones do have a direction according to which sense the relationship represented
by the link holds.
Another important distinction is between unweighted and weighted links. The
latter ones can be exploited to take into account the possibility that some nodes can
be more connected than the others, therefore weights follow. In a certain sense, it
describes the "strength" of the link between two nodes.

Another important quantity is the network density (connectance), that is the
fraction of links present normalized to all the possible pairs, and for undirected net-
works is:

2L
d= ——— 2.1
N(N —1) 21)
Real networks usually have a very low density, so are sparse systems (L < N?).
A graph, mathematically, can be represented by the mean of a matrix. It is the
so called adjacency matrix A of the network, where:

e a;; = 1, if a link between nodes ¢ and j exists;
e a;; = 0 otherwise.

Many mathematical tools can be used to determine the properties of the system
alongside with this matrix, as an example we may want to compute its spectrum in
order to obtain the largest eigenvalue. Moreover, one should note that the matrix is
symmetrical for undirected and unweighted graphs, i.e. a;; = aj;. However, as we
already told, real networks are usually sparse, therefore the adjacency matrix will be

19
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filled for large part by zeros. Hence in order to store graphs in a computer efficiently,
it is better to use other tools such as adjacency lists, etc.

Two nodes that share a link are defined "connected", "adjacent", "neighbors".
In particular, the neighborhood of node 7 is the set of nodes connected to 7. The
number of neighbors k; of each node i is what is called the degree of the node 1.
This is the basic measure that we are going to encounter so many times. Once we
have defined the degree, the next step is to define what is the average degree over
the entire network (undirected case):

N
<m:%§:@ or (k)= =d(N 1) (2.2)
=1

The next definition is the one of path, which is a sequence of links which permits
to go from node 7 to node j following edges. Another relevant quantity is the so called
shortest path between i and j, it is important since it gives us the idea of how big
the network is. In particular, the distance [;; represents the length of the shortest
path between ¢ and j. There could be multiple shortest paths between 7 and j. The
shortest path of maximum length in the network is defined as diameter:

lmaz = Imax lij
ij

Another measure we may want to introduce is the average (shortest) path length:

Zij lij

<D:NW—U

The network is said to be connected if every possible couple of nodes is reach-
able through a path. Otherwise, each connected part is defined as a connected
component.

Now, let us see some examples of networks, such as “The Oracle of Bacon”, or
the so called “Erdos Number”. The first one is a site that, given the name of an
actor, returns the distance between this actor and Kevin Bacon, in unit of costarring
movies. This quantity is indeed computed by taking into account the network of ac-
tors, linked by common movies in which they starred. The Erdos Number instead
is the "academical version" for the "Oracle of Bacon": we compute the distance, in
terms of collaborations in publications, between a given researcher and the mathe-
matician Paul Erdos through the publications network. The most surprising fact is
that, for both examples, the distance is very low! Therefore a question arises: why
such short distances in such large networks? In particular, real networks are smaller
(i.e. shorter) than one would expect. This is pointed out by the idea of the “Six
degrees of separation”. It refers to an experiment that was run in the ’60s by Stanley
Milgram: he gave a postcard to a person on the West Coast, with the instructions
that it had to be delivered to a place situated in the East Coast. The main goal
was to count how many people would receive that postcard, given the rule that it
was allowed to give the postcard to acquaintances of the actual possessor. It was
discovered that this postcard actually was delivered to 6 people before reaching the
destination. This is what is called the small world phenomena. When we study
the average path length, for some networks we may find that (I) ~ In(N) or, in some
cases even (I) ~ In(In(N)). This is extremely important in the spreading of diseases,
since we are able to cover the whole system in few steps.

To summarize what we have seen last lecture: it holds for most real networks that
the average path length scales as:

() ~In N
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the logarithm of the number of nodes in the network, not just with the number of
nodes. Or in some cases as (I) ~ In(In(V)). But how is it possible? A paper which
explains it is “Collective dynamics of small world networks” by Watts and Strogatz.
Their idea is what is called the Watts and Strogatz model.

Regular Small-world Random

Increasing randomness

Figure 2.1: Idea of Watts and Strogatz model.

Let us focus on the first regular ring in Fig. in which we have that each node
is connected with its two nearest neighbours in both sides. The structure as we can
see is totally regular. If we want to measure the longest distance that we can find

in the network:
<lcz'7‘cle> ~ ﬁ
4m

But what actually happens if we rewire only a single link? We therefore want to
connect it with another random node in the network as in the picture in the middle
"small-world" in Fig. It can be seen that, by doing a single rewiring, the size
of the system reduces in an incredible way. On the other hand, if we extend this
argument and choose a probability p for rewiring (i.e. we increase randomness), what
happens is that every time we rewire a connection, the average distance is reduced by
a factor 2. Repeating this process several times, we observe a logarithmic scaling.
Finally, the random network we obtain scales as:

(I) ~log N

And it is represented by the random circle in Fig.

2.2 Degree distribution over networks

Now the question is how degrees are distributed for different type of networks. Let
us consider a small network, its degree distribution will be really resembling to the
plot on the left of Fig. 2.2l However, now we want to understand how this quantity
distributes in real networks. In order to build a real network, the first assumption
that we can make is building the connections at random, so with a probability p.
Consequently the degree distribution is one of the kind as in the right of Fig. [2.2]

2.2.1 Erdoés and Rényi Model: random graphs

Let us consider the Erdés and Rényi model which represents the evolution of a
graph where links between nodes are drawn at random, according to a predefined
probability p. Before 1959 (the year of the publication of Erdos and Rényi’s paper)
people were actually assuming that connections were regular, so no randomness at all.
However, since randomness in real world is a deal, thanks to E.R. random connections
were taken into account for the first time. In particular, the algorithm for creating
such a network is:
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Figure 2.2: Left: degree distribution in a small network. Right: degree distribution in a
network with random connections.

e create an empty graph with N nodes;
e connect each possible couple of nodes with probability p;
e avoid self-loops and multiple edges.

What are the properties of this graph? Let us consider a graph G(N,p), where N
are the number of nodes and p is the probability of link. If links are drawn at
random with probability p, the probability py that a node has k neighbors is given
by a binomial distribution:

= (" -y 23)

The average and variance of such a distribution are:

(k) =p(N —1),  of=p(l-p)(N-1) (2.4)

As we can see, the average and the variance scales in the same way with the size of
the network (i.e. linearly!).

The problem of this distribution is that it is difficult to be dealt with analytically,
specially as N increases, indeed:

Ok 1-p Now
W \wv-pn Y

which becomes narrower as N becomes larger, therefore some sort of approximation
needs to be introduced.

Fortunately, since for sparse networks we have k < N, the binomial distribution
Binom(N,k,p) can be approximated by a Poisson distribution with parameter
A = pN. Indeed, given that (k) = p(IN — 1), if we have k£ < N then it implies that
p < N. Hence we can write the following:

(1 — p)N"17F ay NV —1-K) log(1—(k}/(N-1) N-vgo (k)

—
and
N—-1\ (N-1)F
k)T K
Obtaining the Poisson distribution for the degree we were looking for:
iy (B
pp = e~ (0 ) (2.5)
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As before, the average and the variance scale exactly in the same way with the size of
the network (~ A\ = Np). This actually tells us that all the nodes are more or less
the same. Indeed when we observe a bounded variance, it means that all the nodes
more or less have the same degree. In particular, as p increases the graph undergoes
a transition from disconnected to fully connected one:

e if Np < 1, the graph will almost surely have no connected components of size
larger than O(log(N));

e if Np =1, the graph will almost surely have a giant component of size O (N 2/ 3);

o if Np — ¢ > 1, the graph will almost surely have a giant component comprising
a large fraction of the nodes;

o if p< w, the graph will almost surely contain isolated vertices;

o if p> w, the graph will almost surely be connected.

Facebook Twitter
1e-01- 4 .

1e-03-

Probability
Probability

1e-05-

» o 0o anemn
10 100 10 1000
Degree Degree

Figure 2.3: Real network of Facebook and Twitter.

2.2.2 Scale-free networks

However, so far we have not discussed how real networks look like, in particular
what is their degree distribution. In the last decades we started to have really complex
and large networks, whose structure really differs from the structure we usually see
for a random network. In Fig. [2.3] as an example, we show two real social networks
we know pretty well: Facebook and Twitter. Note that both plots are in log-log scale.
Generalizing, we can say that most of the real networks scales in the same way.

We now want to understand how the degree distribution looks like. Let us con-
sider Fig. 2.4t black dots follow the Poissonian distribution that we were mentioning
before, while the squares follow a power-law P(k) ~ k7, which is heavy tailed
distribution, in the sense that possibility for large degrees is not null. One should
note that the Poissonian distribution is not able to reproduce the heterogeneity we
can see in the data, while the power-law is. Hence, in most contexts real networks
are highly heterogeneous and degrees can span several orders of magnitude.
In particular, the v coefficient of the power-law has an important role, since it rep-
resents the slope of the curve in log-log scale. Since we observe similar structures
for different scales, these networks are said to be scale-free networks. In most real
networks v has small values, i.e. v < 3.

Heterogeneity means that almost all nodes have a very low connectivity, way
less than a random net. However, the probability of having very large degrees is
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Figure 2.4: Difference between random networks and scale-free networks.

not zero (hubs): even for relatively small networks we can observe large hubs. One
should take into account that this is something really important for the spreading
of diseases: thanks to these large hubs we can see shortcuts for spreading, or the so
called super-spreaders.

We want now to study the limiting cases of these scale-free networks. For
instance, we want to see how the average degree behaves, or prove that the largest
degree scales with the size of the network. Let us consider the power-law:

P(k)=Cok™  with Cp=(y— 1)k} (2:6)

min

To understand how k.. scales with N, we have to study the case where:

o 1 kmm 7l 1
/maz P(k) dk B N - (kma:c> N N

In the lhs formula, we exploited the fact that, on average, a single node drawn uni-
formly (prob 1/N) will have a degree that is kyuq,. Thus, when:

kmax = kmmNﬁ (27)

The last formula is known as the natural cut-off. Since in most of networks v ~ 2 — 3,
it is easily to understand that k., scales sub-linearly with N, but still faster than
random graphs, in the sense that the larger the number of nodes the higher is k,,az.
Hence it is possible to observe highly connected nodes. This is valid for previous
plots, such as in Fig. 2:3] as well.

Recalling the definition for the general n* moment of a distribution:

kmaz k'maz 777%1_;4_1 _ k,n_’}/"'l
k") = E"P(k)dk = Cok" 7 dk = Cyp—22 fm 2.8
= [ Eermar= [ pre (28)

[ ea! N7 g
min n—-~y+ 1
Where we used 2.7 We note as it converges only if ¥ — 1 > n. This gives an hint on

how the average degree scales as the size of the network: a very important result.
If instead we consider the variance o2 = (k?) — (k)?, we it holds that:

e if v < 2, both (k) and (k?) diverge as N — oo;

(k") = Co (2.9)

e if 2 < v < 3, the average degree (k) — ¢ but <k‘2> — oo as N — oo, and
0% — 0.

Remembering that most real networks have v < 3, hence the variance of the degree
also diverges. The result is that we have extremely heterogeneous networks and
not homogeneous ones. This is indeed coherent to our observations. It has indeed
a very strong implication: all the models we have been using before, in which we
assumed that all the people in the population were equal, does not hold anymore.
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2.2.3 Barabasi-Albert Model

So far we have discussed about scale-free networks, but actually we have not
created a single one yet. Therefore, an algorithm to create such network we can
rely on, is the Barabasi-Albert model. This topic is discussed in a paper that is
the second, chronologically speaking, that gave birth to modern Network Science.

The idea behind this paper is extremely simple: once some real networks had been
analyzed they assumed that the degree distribution P(K) ~ k=3, in order to create a
model to reproduce the behaviors observed. Moreover, their model was based on the
concept of growing for random networks. We start with a small number of nodes,
named clique, and, at each time-step, a new node enters the network and connects
with pre-existing nodes but according to a preferential attachment. Therefore, at
each step the network grows in size.

The principle on which preferential attachment is based on is a very simple
concept: rich gets richer. That is to say: the more connected a node is, the more
likely it is for it to receive new links. The probability for a node 7 to attract a new
link at time ¢, is proportional to its degree k; at time t:

k;
Zj k;

If we speak about influencers, having them a lot of followers, the probability for
them to increase their connections is very high. Actually, this idea is not even new,
and it is something already known. Indeed this model is just a modification of the
Price model: if we published a paper and more than someone has found it interesting,
it will be more likely for it to receive much more attention in the future.

Specifically for this model, we are drawing links at random, according to some
probability that indeed is not uniform. Let us briefly summarize themain steps of
the algorithm:

(ki) = (2.10)

e we start with a clique of mg nodes;
e at each time step ¢, we add a new node to the network;

e we create m (i.e. m = 2) links between the new node and the existing ones
according to the preferential attachment (remember to update the connection
probability after each link);

e repeat until the desired size N is reached.

In particular, let us consider Fig. We start with a small number of nodes
connected via some links. At the first time step we add a new node, and then we
need to draw connections to the other nodes. Let us assume that every time we add
a node, we are adding two links. First, we need to compute the set of probabilities of
connecting to each node and, at the first time-step, is equal for all the nodes. Then
we pick up one node at random and we draw the link. The following step is to update
the set probabilities for each node, according to their degree. We see that the node
on the left has got an higher probability of getting new connections since the last
node inserted has linked to it. Then, we iterate this procedure by introducing a new
node and draw connections following the same procedure, until we end up with a
total number of N nodes.

This algorithm is indeed able to create networks with some interesting proper-
ties. Indeed we can approximate the degree distribution as:

2m(m + 1)

P = rar sy =5
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Figure 2.5: Example of Barabasi-Albert algorithm.

where m is the number of links we are adding at each step. Note that m is a parameter
that is related the minimal degree of the network. However, this approximation is
valid for large k.

An important result is that v = 3 and it is independent of m and mg. Hence, the
maximum degree of the network scales as kg0 ~ N 1/2, Moreover, it holds that
(k) = ¢, but (k*) — oo with IV, as we have seen before. Finally, the average length

of the network is:
In(V)

Iy~ ————
(& In(In(N))
which tells us that the small-world property holds as well.
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Epidemic Spreading on Networks

Now it is time to drop the assumption of the well-mixed population, and start
taking into account contact networks. In other words we are considering that
individuals can be connected in different ways one another. The main idea is
that:

e all individuals are equivalent;

e we remove the assumption that all individuals have the same number of contacts
and we assume that each node do not interact at random. This reflects
the reality, since we usually have more contacts with some people (friends,
family, colleagues...) rather than others. The fact that we may have repeated
contacts with someone else has strong effects on the dynamics: we are somehow
constraining the way how the disease will spread.

3.1 SIS model in a network

Let us try to build a general model for a general network, without making any
assumption on the latter. In order to do that, we start by introducing the equations
of SIS model for a generic network.

The first step is to define a binary variable for each node i: o;(t). This variable
can only take two values:

e 0,(t) =0, if the individual is susceptible;
e 0;(t) =1, if the individual is infected.

As one can easily see, this variable describes the state of a generic i-th node at time
t. Defining another variable p(i,t):

p(i,t) = Problo;(t) = 1]

which represents the probability of that node ¢ is infected at time ¢. Using this
formalism, we can recall the general equation for the SIS in a network:

Infection
Recovery

S5006,0) = —puplis ) + Y Ay Proble(t) = 0,05(t) = 1] (3.1)

The most problematic part is to compute the two nodes infection probability (in
green). Since we are in a network, the probability of being infected depends on my
neighbours: the (7,7) infection probability depends on the status of all the other
neighbors [ of j and ¢ and so forth. Therefore we would have to follow the entire

27
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chain of connections, but this would turn out to be a problem: we cannot obtain
a closed form for this expression, since it actually depends on the probabilities of all
its neighbors. In turn, they would depend on their neighbors probability and so and
so forth.

We want to stress one more time that if we want to predict what is going to happen
in the system, we would need to consider the entire network and the time evolution
for all the nodes. This approach however is feasible only for small graphs (i.e. 4/5
nodes) and few compartments.

This argument reminds us that we may need some sort of an approximation:
indeed we need to cut down this probability chain. That is to say that, at some
point, we require a closure of our equations, by the mean of approximation: we are
not going to take into account the entire structure of the network. At some point we
will take the average, and after that we will be able to solve the problem. In physics
this kind of arguments are called mean-field approximations. Since we are not
able to solve many body problems, at a certain point we will consider a random
field which acts on the entire system and we will consider its average effects on
the system.

Tailoring this procedure to our specific problem, we are substituting in some way
the probability Prob[o;(t) =0, 0;(t) = 1] with some average probability. Obviously,
depending on the assumption we are making for this approximation, we will obtain
different results.

There are actually many different types of approximations based on different fea-
tures:

e Network structure:

— Homogeneous mean-field (all the nodes are equal);

— Heterogeneous mean-field;
e Coarsening level:
— Degree-based mean-field theories (DBMF) in which we assume that all

the nodes of the same degree are equal;

— Individual-based mean-field theories (IBMF) in which we assume that
all the nodes are different and that we will take individual connections
between individuals;

e Where to cut the chain:

— Individual level;
— Pair approximations;

— Triangles, etc...;

3.1.1 Homogeneous Networks

Let us start by taking the simplest approximation: we assume homogeneous
network, DBMF and we cut the chain at an individual level.

It means that we are considering networks where nodes degree is bounded,
hence:

e we have that k; ~ (k);

e we have also that the standard deviation is bounded % =
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All the nodes can be assumed to be equal, so their position on the network
does not matter anymore. This implies the spatial homogeneity it holds that:
plist) = plt).

In addition, cutting at the individual level means that the two terms of the joint
probability of one being infected and the other one being susceptible Prob[o;(t) =
0,0;(t) = 1] are statistically independent. This implies that the joint probability
can be factorized as follows:

Problo;(t) = 0,0;(t) = 1] — Prob|o;(t) = 0] - Prob[o;(t) = 1]

But now we recall that:
p(t) = Problo(t) = 1]

is the density of infected at time ¢. Hence, putting everything together, we derive the
equation:

d d
dit):—uvaBZAij(l—p)p — dff:—uwrﬁ(l—p)pzz‘h‘j
j J

Actually, this last term is the degree of a generic node. Recalling that we have
assumed that all nodes are equal, the degree of a generic node is therefore the average
degree of the network:

ZA”- = ki ~ (k) (3.2)

and by replacing it, we can obtain the same expression that we derived before for SIS
model in a well-mixed population:

do _

3 =Pk L =p)p—np (3.3)

This is a very important result and one should recall that is the same we previously
found in [I.8] One should keep in mind that now we are considering all the nodes
statistically independent and we are back again to exactly the same result of
well-mixed population. The only difference is that when we were considering well-
mixed population, we assumed that the probabilities were ezactly statistically
independent. Now, this is just an approximation.

Obviously, all the results derived for SIS model in well-mixed populations are still
valid, for instance the epidemic threshold.

Recap. Let us summarize what we have seen at the end of this lecture. We moved
from well-mixed populations to contact networks, so we added more complexity in
order to make the model is more realistic. We also derived the equations for SIS
dynamics on a generic network and then considered its adjacency matrix. Since
for us was impossible to write down a closed equation for this model, given the
expression for the infection joint probability that involves two nodes, we were not
able to compute exactly the probability for a single node of being infected (p;). It
would take into account the probability of three nodes 7, j, k at the same time. This
is actually unfeasible for all the models and all the possible graphs: it has been done
in the literature up to only 4/5 nodes. Hence we end to somehow approximate this
probability, in order to cut this infinite chain to a certain value. This is exactly why
we introduce mean-field approximation: in this way we take into account the effects
of all terms on a specific quantity, not individually, but on average therefore reducing
the complexity of our problem. We are switching from a many body problem to a one
body problem. The simplest approximation we have seen is the one of homogeneous
network in which all the nodes are equal, used on SIS model. According to this
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argument, for each node there is the same probability of getting infected, so we can
approximate the probabilities to be statistically independent. After, we derived all
the equations. Their solutions were the same as the ones we had found for well-mixed
population. However, in that case the solutions found were exact, while now are the
result of an approximation.

3.1.2 Heterogeneous Networks

Now, we want to understand what is the effect of heterogeneity in the spread
of the disease. That is to say that we drop the following assumption k; ~ (k): all
nodes are not equal any more.

Let us consider now the heterogeneous mean-field approximation. Let us
use a DBMF model and let us cut the chain at an individual level. This last
assumption means that we consider the probability for a single individual to get
the infection. Let us follow the thread of paper “Epidemic Spreading in Scale-Free
Networks”, written by Pastor-Satorras and Vespignani. It actually provides a SIS
model on scale-free networks. The main idea behind this paper is the following.
Since nodes are not equal anymore, the probability of getting the infection strongly
depends on their position (i.e. degree) in the network. Authors’ intuition is that
nodes with the same degree behave in the same way. In order to do that, we
need to divide the network in degree classes: that is to say we group together all
the nodes with the same degree.

In order to write down the equations, we need to consider the number of compart-
ments we have and introduce a density for each of them:

Sk Iy
Sk = Fka Pk = Fk
where s, and p; are the fractions of susceptible and infected nodes of degree k in
the network. We have that Nj represents the number of nodes with degree k. As
before, we introduced the fractions of susceptible and infected individuals (s, px) in
the system, but in this case depending on each degree k. Obviously, the total fraction
of p and s in the system is:

I, Sk
P:Zm@:zm SZZSk:ZE
k k k k
While their average, sticking to the definition, is:
(0) =Pk, (s) = > P(k)si (3.4)
k k

The equation that describes how the probability of being infected changes
in time for the nodes that belong to the same degree class:

(1) = —pit) + Bk (1= pi0))Ok(t) (3.5)

where we can distinguish as usual a "recovery" term and an "infection" term. In
particular, the probability of a contact between a susceptible individual that has
degree k and an infected one is highlighted in green. This product consists in two
terms: the probability for a node i to be susceptible (1 — px(t)) and the probability
of having contact with an infected ©(t).

We want now to dwell deeper and explain better this last term. The probability
that a generic node with degree k has an infected neighbor can be expressed as:

Ok(t) = Y P(Kk)pw (3.6)
x
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where we sum over all the possible degree classes k’. In this way we expect to obtain
the probability of connecting with any one of them, multiplied by the probability for
that specific node to be infected. Note, however, that we are making no assumption
about the function P(k'|k), which may change according k. In principle, it could
be anything, in the sense that it strongly depends on the structure of the network.
However, in order to simplify the problem and derive some results, there are cases
where we can make some assumptions on the structure of the latter.
Picking a node at random, the probability to be connected to a node of degree &k’
given the node degree we start from is k, is the following:
/ / / / / /
P k) = E'P(K) _ E'P(K") _ K P(K)
2w KPR 3o kP(k) (k)

Note that P(k’) is the generic probability of getting a connection at random, times &/,
which is the number of connections that point toward a node of degree k’. Finally we
normalize over all possible degrees of the network E] What we obtain is the probability
that a generic node in the network is linked to k’. Note as P(k’|k) does not depend
on k.

After replacing this last result in

Let us take a look closer to the different terms. In the numerator: there is the product
between the probability that a link, randomly picked, points to a node of degree k’,
times the probability of being infected, Finally, we then we sum over all the possible
degrees. On the other hand the expression in denominator is related only to the
structure of the network. In addition, one should note that ©(t) does not depend
on k anymore. Since we are just picking up at random it should be the same for all
the nodes.

The method that we are going to exploit to solve the differential equation % pr(t)
is similar to the ones previously used in other models. The first assumption is to be
in the steady state:

(3.7)

= O(t)

d 8kO
~ on(t) = v
/et =0 — Pk = ARG

The next step is then to substitute the expression for pg, obtained thanks to ©:

_ 2w K PE)pw(t) _ _ 1 K PK)BO
_ 2k G =) =  O=>

(k)

O (t
k(1) T kO
This is the self consistent equation for ©.
However, in order to solve this last equation, we need some workaround. First
of all one should note, as what happens in statistical mechanics, this expression has
different solutions depending on the value of O:

e the trivial solution © = 0, that of course is not in our interest;

e the non trivial solution. We can rewrite the self consistent equation as
follows: )

1 k“P(k)pO

~ L PO g

(k) 2= "+ Bk

'One should keep in mind that Y, kP(k) = >",, k'P(K’).
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Hence, the solutions are the values for which it holds © = f(©). These, geo-
metrically, are the interceptions between the line © and the function f(©) and
have to be found graphically (or using computational algorithms).

Since O is a probability, it holds that 0 < © < 1. This means that, it is required
for a non trivial solution to exist, the slope of f(©) must be greater than 1.
Mathematically, it means that:

2
d |1 Z k*P(k)3O > 1
de | (k) p+ BkO
0=0
that leads to the following condition:
8 2 B (k)
—— ) k°P(k)>1 — >1 (3.8)
P i (k)

which is the condition for the existence of an endemic state. Since the
network has become more complex, also the structure for the condition of the
endemic state acquires in complexity. Indeed, for the epidemic threshold:

B (k)
p (k)

which is pretty similar to the one previously found, but also includes a term
that increases its complexity.

=1 — Be = (3.9)

The first check one can make is to verify whether this last result holds also in
the case of homogeneous networks. For such networks (k?) = (k)?, therefore:

which is exactly the expression we previously found.

Recalling what we were discussing last lectures, in scale-free networks with
2 < v < 3, we have (k) — c and (k?) — oo as N — oco. As the network becomes
larger also its variance increases, that is:

k
ﬁc = lzk§2>> -0
hence the epidemic threshold vanishes for N — oo. This is a quite important
result: if our network is large enough every disease will spread no matter
its infectivity (see Fig. [.1). The converse is still valid: if we have disease with
a very low infection rate in a small part of the network, it will not disappear if the
network is large enoung]! That is to say we always find ourselves in an endemic
state, while the threshold becomes very small. These results are actually valid for
the most real epidemic models, given the networks are large enough.

Obviously, real networks are not infinite: therefore we need some finite-size
corrections. For example, we may want to derive an expression for epidemic thresh-
old when the size of the system does not diverge.

Let us consider the degree distribution for scale-free networks: since the degree
cannot go to infinity, it is convenient to introduce an exponential cut-off at some
point. For instance, let us consider the air transportation network: we see that until
a certain point a certain trend is followed, but then the slope of the curve starts
to change and resembles to an exponential. This implies that we cannot have an
infinite number of connections: the line starts out as a power law and then ends up
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Figure 3.1: In scale-free networks (and many heavy-tailed distributions) the epidemic
threshold vanishes in the thermodynamic limit.

starts out as a power law

ends up as an exponential

p(x)

Figure 3.2: Power-law with an exponential cut-off.

introducing some sort of exponential cut-off. The behavior is similar to the one in
Fig.
We introduce our considerations into our model by adding an exponential term:

P(K) ~ ke k/ke (3.10)

where k. is a characteristic degree. At some point, the term we just added will
become the dominant term and what happens is that, for large k. and 2 < v < 3,
the epidemic threshold can be approximated as:

Be = <“kc )73 (3.11)

kmin

we are not going to prove the computations. However, in the lab, we will compare
the epidemic thresholds for a random and for a scale-free networks in order to see
how they differ. This was the last consideration about the study of the SIS model in
a network.

2Physically, we refer to this as taking the thermodynamic limit.
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3.2 SIR model in a network

3.2.1 Degree-based mean-field theories (DBMF)

The same as before equations can be derived for the SIR model under the as-
sumption of heterogeneous mean-field. The main difference is that we need
one more equation to take into account also the compartment related to re-
covered individuals. Their densities are pf (t), pl(t) and pfi(t), and it holds that
Pl =limyo0 > P(k)pE(t). Equations take the form:

 pl(t) = —nok(6) + ko ()Tu()
d (3.12)
Pk (1) = o (t)
with p (t) = 1 — pk(t) — pE(t) and where:
o =2 L P(H ko (3.13)

is the probability of a contact with an infected node, and plays exactly the same
role of © before. Actually it represents the link from which the infection arrived to
that node, however we will not show how to derive this expression beside one small
consideration: the % term that is the main difference from the SIS model. It is
present due to the fact that we cannot infect a node that has already transmitted
us the disease: either because it has already recovered or because it is still infected.
In this way we are taking into account that the disease is coming "from one side",
therefore for us is forbidden to spread the infection towards that specific direction:
recovered (or already infected) individuals cannot be infected twice.
The epidemic threshold for random networks results:
p (k)

Be 02— (k) (3.14)
and the important thing to notice is that B57% # B3, This is the first time so far
that the epidemic thresholds for these two models differ!

3.2.2 Individual-based mean-field theories (IBMF)

Up to now we were assuming that all the nodes with the same degree were equal.
Now, since we are going to study the individual based mean-field theories, we will
not consider a specific instance of the network, but an average over all the possible
networks we can obtain given that degree distribution. That is to say, that under
the Heterogenous Mean-Field framework we are solving the epidemics problem
for an ensemble of networks whose common feature is the degree distribution
Pkf

In the degree based approach we previously assumed that all the nodes with the
same degree to be equal. We were therefore analyzing not a specific instance of
networks, but its average. This is actually what in physics we refer as annealed
networks. On the opposite, we call quenched networks when we consider a par-
ticular realization of one network. The idea is really simple: instead of considering
the average, we consider a particular instance network. This is the main difference
between a degree based (i.e. annealed networks) or an individual based approach (i.e.
quenched networks).

3the so called "ensemble" of networks!
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Let us write down the equations for the quenched mean-field. We are going to
introduce a discrete time framework in order to make equation simpler. However,
nothing prevents us to use differential equations, where time is a continuous variable.

Let us consider p;(t), that is the probability for node i of being infected at time
t. The total fraction of infected individuals is given by p(t) = >, pi(t).

At the following time-step, the probability of being infected at time ¢ + 1 is:

pi(t+1) = pi(0)(1 —p) + (1= pi(t))a(t) (3.15)

which is the sum of the probability of being infected and not get cured (green term)
and the probability of being susceptible multiplied by the probability of contracting
the disease (yellow term).

We now need an expression for ¢;(t), that is the probability for node i to be infected
by, at least, one neighbour. The basic idea for doing this is:

N

gi(t) = 1= ] [1 - BA;p;(1)] (3.16)

Let us consider Fig. in green we have susceptible nodes, which include node i
itself, and in red its infected neighbours. The probability of getting infected, at least,
by a generic node j is:

BAijp;(t) (3.17)
Its complementary to 1 is the probability of NOT get the infection by node j.

(1 — BA;p;(1)] (3.18)

Repeating this argument for all neighbors that are actually infected, we can obtain
the probability of NOT contracting the disease from ANY neighbor, namely:

N

TTt - BAue; (1) (3.19)

=1

Again, we previously introduced ¢;(¢) as the probability of getting infected by at
least one neighbor. Finally, the probability of getting infected is the complementary
to one of the probability of not getting infected by any neighbor:

H (1~ BAps(1)] (3.20)

Note as the system of (p;(t+ 1)) equations can be solved numerically by iteration.
This results to be precise for the entire epidemic diagram, and faster than numerical
simulations: there is no need of averages and reproduces individual nodes probabil-
ities. Indeed, in this framework we will obtain two equations for each of the nodes:
we have 2V equations, where N is the size of the system.

Remark. One should have noted that this last approach differs from the degree based
mean field theories by the fact that now we are including adjacency matrix A;;, while
before we took only the average.

The equation (3.21)) therefore takes the form:

N
pilt+1) = pi()(1 - ) + (1 = pi(1) H ~ BAijpi ()] (3.21)

O
C

O

Figure 3.3: In
green  susceptible
nodes, while in
red the infected
neighbours.
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We can also solve analytically the system at the steady state in order to
estimate the epidemic threshold. Assuming that we find ourselves in the steady
state:

lim pi(t) =p; — pi(t+1)=pi(t) =p;

t—o00

it follows that:

poi = (1=pf)gf  — — BAi;pj] (3.22)

||:]2

Now, if we think about what happens when we are in proximity of the epidemic
threshold (epidemic onset), it happens that p; can be assumed to be small for all
the nodes p; = ¢; < 1. Therefore, the product in ¢/ can be approximated by a sum:

N N
- H [1 - ﬁAz]é‘;] =~ /BZAME; (323)
j=1 j=1
Substituting what we have just found in the lhs of we obtain:
N
per = p(1—el) ZAZ‘]‘E; (3.24)

that is a linear system where the interaction is given by the adjacency matrix:

N

N
HE; = 5 E Auej — 657: ’L]gj

j=1 j=1

Neglecting second order terms, we have that:

—s = ZA” el (3.25)

This linear system has solution only if % is an eigenvalue of the adjacency matrix
A;j. Here we should understand why last lecture we stated that the spectrum of the
adjacency matrix is something we may be interested in. Hence:

=41 (3.26)

where A; is a generic eigenvalue of the adjacency matrix A;;. However, since we are
interested in the smallest possible value of 8 for which there exists solution, we
need to take the largest eigenvalue of the adjacency matrix A:

I
Amaac

Be = (3.27)
The last one is the expression for the epidemic threshold, and it is a general
result that is valid not only while using this approximation, but for a more general
framework in a generic network.

3.2.3 DBMF vs IBMF: Epidemic treshold

One may wonder now what is the relation between the two values for the epidemic
thresholds we have found for the different mean-field theories, that is DBMF and
IBMF. We have found that:
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e for DBMF:
gDBMF _ p (k)
‘ (k?)
e for IBMF:
BIBMF _ H
¢ Amax

For scale-free networks P (k) ~ k=7 it holds that:

Appge ~ max (\/kmax, <<kk2>>) (3.28)

And in particular:

Be ~ {“/' Fmax 7> 5/2 (3.29)

pik) /(K2 2<~<5/2

We can conclude that IBMF is more accurate than DBMF. Due to the approxi-
mation, indeed, the DBMF is accurate only in the proximity of the epidemic
threshold, while IBMF is accurate for the entire epidemic diagram.

We recall now one of the most important result of the last lecture: if the network
is large enough, for N — oo, the epidemic threshold tends to zero:

N—oo

B, 22 0 (3.30)

Moreover, the epidemic threshold for IBMF depends on the largest eigenvalue of the
adjacency matrix A,,q;. The last relations which contain 3. for IBMF and DCBMF,
can tell us more about the accuracy of the model: DBMF is accurate only in the
proximity of the epidemic threshold, while IBMF is accurate for the entire epidemic
diagram. See the figure

N L '
0.8 — with reinfections ¢ __—-—— =]
0.6 1— p /’// o o Simulations
a ' VI 7 without reinfections — IBMF
B Py 7 ——  DBMF
0.4 — A /f// —
— l//// |
02 p _
0 T Y Sy S|
0 0.2 04 0.6 0.8 1

From: Gémez et al. Physical Review E 84, 036105 (2011)

Figure 3.4: The quenched mean field (IBMF) curve follows exactly the simulation, while
DBMF the is precise only around the epidemic threshold.

We want now to discuss what are the reasons behind this important result. Since
we know there is a strong connection between these two theories, it would be of our
interest to derive DBMF from IBMF. Once again, we shall repeat that in annealed
networks we are not considering a single network but an average of all the possible
random metworks that can be generated from a degree distribution. Instead, in the
quenched networks we pick a particular one, and we compute the result for that
specific network. Then, nothing prevents us to run our model on that network and
iterate multiple times.
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Let us try to characterize the annealed network] in particular we want to see
the adjacency matriz looks like. In this case, the adjacency matrix is a weighted
matrix, whose general form is:

i kiP(kilk;)
Aij =
NP (k)
and for random networks becomes:
_ kikj  kik;

YT Nk 2L

where the probability P(k;|k;) of picking a random node is k; and we can define

Nyr = NP(K'). This is the number of trials we have available in order to create this

specific connection, over all the possible connections that the network can return.
Then, we have now simply to substitute the last result in the expression [3.23] of

q;:
N
_ kP (K |k)
Qz—l_jl_{|:1_ﬁ Nk/ p]

And starting from individual nodes and heading towards more general degree classes:

/ Ny
pr = —ppr + (1 — pk) [1 - H [1 - BWW'] ]

k/

this is the most general expression that we can obtain for DBMF. The multiplication
can be replaced by a sum, only if assuming that Spp < 1:

pr = —tipr + BE(L— pr) > P(K'[k)pps
k/

And recalling that the expression for O, = >, P(K'|k)p:

pr = —ppx + Bk(1 — pr)Ok

That actually is accurate only under the assumption Spp < 1. But one should
note that this is exactly what is depicted in the plot above! Hence, we are able to
switch from IBMF to DBMF and, in this way, we can even explain why there is such
difference in the accuracy between the two models.

3.2.4 IBMF and pair approximation

Let us make a very brief overview about what means to cut down the chain
to pair approximation. Up to now, all the models we have seen were cut at
the individual level. Now, instead, let us consider the joint probability of being
infected, given that we were susceptible and given that a neighbor of ours was infected.
We look for an approximation for this joint probability, and this time we choose
to cut the chain at the level of a single link (7,7). We want to see actually how
P{o;(t) =0, o;(t) = 1} changes in the equation for p. Hence we obtain:

%p(i, t) = —pp(i,t) + B Aijp(j,t) — B AiE[Xi(t)X;(t)]
i i

4Guerra, Gardenes - Annealed and Mean-Field formulations of Disease Dynamics on Static and
Adaptive Networks, 2010
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where E[X;(t)X;(t)] is the two nodes expectation probability to be infected or, in
other words, the expectation of both X; and X; being infected. This interpretation
is valid since p; = E[X;(t)], where X;(t) is a Bernoulli r.v.

However, we need to look for an expression for the (];7) equations for E[X; ()X ()],
since we have to take into account one expression for each node multiplied by all the
possible link we can have in the network. The main idea is:

d

T EX(0)X; (0] = —2uE[Xi(6) X; ()] + 8 ; AsE[X; () X5(1)]+ (3.31)
+B Y ARE[X()X5k(D)] = B (Ayj + A E[X (1) X (£) Xk (1)) (3.32)
k k

Let us analyze the terms on the rhs. The first one is the recovery term and needs
both of them to be infected. On the other hand the second and third terms are
the infection terms, where either one of the nodes is already infected and the
susceptible one gets infected from any other neighbour. The last term has to be put
in order to discard the three nodes expectations, and here comes the need for an
approximation, namely a closure.

The most used closures used in the literature are:

ELX (1) X; (1) Xk ()] = E[X3(8) X; () E[ Xk (2)]
where in this case the third term we factorize out is the mean-field term.Alternatively:

E[X: (1) X, (1)]E[X; () Xk (2)]
E[XG(2) Xk(1)]

ELXG (1) X5 () X (1)] =

where the second is similar to the first, but now we are considering the two extremes
and the probability that j, that is the node in between, is infected.
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4

Epidemic spreading on networks:
more advanced models

4.1 Non-Markovian Epidemic Spreading

Despite it is difficult to find it discussed in literature, we surely need to take into
account that both the infection process and recovery process in reality DO
NOT have a constant rate.

Up to now, we have assumed the other way around: at each time step the proba-
bility of being recovered is always the same, no matter how much we have stayed in
the Infected compartment. Therefore, our process is memoryless. Since the jumps
are memoryless, we can characterize our problem as if we were running a Markov
chain. Let us recall what is its main property: the jump probability does not
depend on time. Hence, it is not needed to take into account the time we spent
there, and so time spent inside each compartment follows an exponential distribu-
tion. We refer to the average time that we spend there as 7 = i and the underlying

pdf is shown in
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Figure 4.1: Exponential probability density function for different A = 7. Note as the most
probable value is when we start our observation, namely at the moment in which = = 0.

We want now to discuss what are the implications of these assumptions we have
made so far. The most immediate one is that the mode, namely the most probable
duration of being infected, is null. Obviously, the "height" does depend on the mean
value, but in any case the most probable moment when we can make the jump is at
the beginning of our observation window (see fig [4.1)). Obviously, this is something

41
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that is not realistic. If we got influenza, we do expect to spend at least some time
infected, and we do not expect the probability to decrease wrt time. If we wanted
to see how infectious periods are distributed in real life, it is indeed something quite
different, and do not behave like an exponential. For any disease, we can know
(almost) exactly when it starts, but we are obviously not aware when it is going to
end. For instance, let us consider the plot for 2009 HIN1 Influenza. For this specific
strain of influenza, the mode is around 2 days and an half, so it is not 0 as we would
expect from an exponential!

2009 H1INT Influenza
0.30

0.25 —

Frequency
o (=] (=]
- - %)
=] w o

| 1

0.00  —— T T e
1 2 3 4 5 6 7 8 9 10 11 12 13
Infectious Period (days)

Figure 4.2: Infectious period distribution for the 2009 HIN1 influenza. One should note
how it does not follow and exponential, therefore the mode is not located at x = 0, hence
the approximation of the recovery rate constant in time is not realistic.

However, we can make estimates also for Covid-19, see figure [4.3]
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(a) Some of the inferred recovery distributions (b) Probability distributions for the recovery

for the Covid-19 disease. rate, note as this is not unique and it may
vary according to data scientists are looking
at. However, this is not an exponential at all

Figure 4.3

An observable easier to measure is the so called serial interval, namely the one
that is between the onset of symptoms from an individual, to the onset of symptoms
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for another individual. Despite this is just an approximation, it still can tell us
some useful information.

At this point we should have been convinced by last considerations that these kind
of diseases are not Markovian. Hence, the recovery times depends on the time
we spend in that specific compartment. Now another problem arises, that is how to
model this "non Markovianity". The family distribution that better describes our
empirical data is the Gamma distribution:

the curve in fig. starts to resemble somehow our observations. A similar family
of distributions is the so called Erlang distributions, where the factorial replaces
the Gamma function in the denominator.
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Figure 4.4: Gamma distribution for different changes of parameter.

Note that both distribution families introduced so far are able to reproduce quite
well the shape of histogram, found by mean of empirical data.

We need now to discuss on how to include this non-markovian behavior into the
classical epidemiological models we have introduced so far. One should note that,
when analyzing them, we were assuming the markovian property. A first approach
is the following. Let us consider a trick for the infectious period. We want to
exploit the theoretical result that the sum of exponential random variables obeys to
a gamma distribution. Specifically for our model, instead of considering only one
transition with a constant rate (i.e. a single exponential distribution), we are going
include many transitions, every one with its own rate. Therefore instead of having
only a single infectious state, there will be many. Individuals will be able to move
sequentially from one compartment to another. In this way, they will be forced to
spend at least some time infectious before being recovered. Hence, we obtain a
markovian model. Despite we are forced to spend some time infected before being
recovered, the underlying model is still markovian. The only constraint is that we
are imposing that these stages must be sequential.

Writing formally the equations with these last considerations:

d di di d
Ei — _Bsi % — Bsi — Kpi; % — Kuiy — Kpis ... dit" = Kuig

Where we introduced K different infected compartments and the variable ¢ = Zszl "
that takes into account the prevalence for all the compartments. Hence a generic
transition rate for each I transition is Kp.

The infectious period distribution is the sum of these "intermediate" exponentially



44 Chapter 4. Epidemic spreading on networks: more advanced models

distributed random variables, namely:

K
P(T) — (/;52) TK—le—p,KT

which is a gamma distribution, whose "scaling parameter" is 1/ux Some limiting
cases are:

e if K =1, we obtain an exponential distribution;
e if K — oo fixed, we obtain a delta distribution.

And this conclude the first approach in order to deal with non-markovian problems.

A second approach, which is more general, allows us to include non-markovian
property both in recovery and infections. We want to discuss whether there is the
possibility to write a more general model on networks as possible. Practically, this is
feasible, despite at some points some sort of approximations will be needed. In order
to do this, we have to slightly change our point of view and modify our approach:
instead of probabilities, now we will be considering events. The idea is that we need
to model infections and recoveries according to two random numbers which
are drawn from a distribution as general as possible. Every time we extract a random
number, which actually represents the time when we recover (i.e. the time we will
spend as infected). This is defined as R;(t). Then, an other random number we need
to extract is M;;(t) which represents the number of trials that 4 makes while trying to
infect node j. This is to be repeated for all the neighbours. The sequence generated
will be the following:

T < 7). < TM5®)

ij ij N < Rl(t)

where TZ(]l) is the first time at which node i tries to infect node j, then we have the

second time, TZ(]Z) and so forth. Hence, the transmissibility of a disease depends on
how many trials we have available to infect.

The algorithm for infections looks like the following: once we have fixed a node 1,
we draw a number R;(t) that is not going to change unless we consider the following
time step ¢ + 1. One should note that R;(t) is the time at which node i will recover.
Later we consider one of its neighbours, for instance j, and draw the number that
defines how many attempts ¢ will have in order to infect j: M;;(t). For each of these

attempts, we will draw E(J-H) and if the latter is less than R;(f) the node j will be

considered to have been infected. Otherwise, we keep going extracting TZ-(;@), with the
constraint that n must be at most M;;(t). We iterate this procedure for each of the
neighbors of i and see which nodes are going to be infected next time step ¢t + 1. At
t + 1, then, we fix another node k that is infected and draw Ry (¢t + 1), choose a node
j' among its neighbors, draw Mj; (¢t + 1) and repeat what we have stated before.
One last remark is that R and M can follow any distribution and not only the
exponential one. How we extract T is not important, because the only point that
matters is how R’s and M'’s are distributed.

Let us make some assumptions in order model these distributions reasonably,
and finally try to solve our problem analytically. We can consider both R’s (recov-
ery times distribution) and I’s (infection times distribution) to be peculiar of the
disease, therefore must not depend both on the node and on time. Obviously
they should take into account the background information, for instance lockdown,
particular restrictions...but momentaneously we will skip this part.

In other words we are just reducing the complexity of our problem by stating
that R;(t) = R and M;;(t) - M. We define the long run probability v; to be the
probability that node i is infected in the steady state.
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Now it is time to build our model. Let us suppose that we are in the steady
state, that is to say that there is no more transiency. In the long run, for a period
of time [0,5) and S large enough, the number of times that node j was infected is
proportional to S. Therefore we are introducing in our model the property that the
number of times that we contract the infection is linear wrt time. On average, the
length of each infected period is E[R] (expected time to recover). Then, in the long
run, the number of times that node j has been infected in a period of length S can
be rewritten as:

UjS
E[R]
Recall now that for every time step in which node j is infected, it will attempt

to infect its neighbour i on average E[M] times. On average, the total number of
infection attempts from node j to i in the long run is the following:

UjSE[M]
E[R]

Now we want to make a mean-field assumption. We recall that it refers to the
joint probability that j is infected while 7 is susceptible and allows us to factorize in
the following way:

Ploi(t) =0, 0j(t) = 1] ~ Ploi(t) = 0]Plo;(t) = 1] = (1 — v;)v;

Where we replaced the two factors by the probabilities of the respective node for
large time intervals.

Let us consider now the number of times which ¢ actually received the infection
from j. On average, in the long run, the number of successful attempts made by
j to infect its neighbour i 7 is the following:

E[M
S E[[R]]Uj(l — ;)
That is nothing more than the total number of attempts we computed before, times
the probability that node ¢ was not infected. If we sum over all the neighbors of i, we
obtain the the total number of successful infections ¢ will receive during time
interval [0, S):

N EM] S
S; aijmvj(l - ’Ui) = U; E[R]

Where the last equivalence asymptotically holds only in the steady state, and the
rhs is the number of infected periods experienced by ¢. Simplifying last formula we
have that:

N
vV = E[M](l — Q}i) Zaijvj
7=1

hence the probability of ¢ being infected depends on the sum over all its neighbours,
times the term E[M] which is the average number of infection attempts it will expe-
rience during that time interval.

This last expression should sound familiar: it is exactly what we obtained from
the linearization of the quenched mean field approach (IBMF). The only difference
is that before we had:

N
pei = B(1—e)) Y Aye;
j=1

While now a generic infection term E[M] replaces the 8 term in the IBMF. This
generic infection term therefore encodes all the distributions with the same expected
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value E[M]. Note that this last result holds only in the steady state and does not
depend on the shape of the distribution M, but only on its expected value!

Let us briefly discuss the implications for this. One should note that the defini-
tion of the distribution M already includes the recovery term R, since at the end of
the day it sets a "lower-bound" for itﬂ

1) 2 (M;5(t))
Ty <17 < T3 < Ri(t)
Moreover, the expected number of infection events in a Poisson process with intensity
B and an exponential recovery time whose expectation is 1/u, we can prove that:

Last information we can obtain is that the epidemic threshold m,. can be derived

from:
1

m. = E[M,] =

Amax

4.2 Interacting diseases

In this lecture we will make another step further and take into account something
which is quite common in reality: diseases usually does not spread independently of
each other, but interact with the other ones.

One should know that there might be many variants of the the same disease, with
special regards to the ones we have seen so far. For instance, considering seasonal
influenza there are many viruses which are similar, i.e. they form a family. In
addition one must take into account that these viruses may interact among each
other. The fact that there might be many variants for a single virus is an important
feature to be taken into account.

Let us now consider the simplest case, where we have only two different diseases
that cooperate. That is to say that one disease boosts the spread of the other one.
The map ﬁg represents the spreading of Tuberculosis (7'B) in 1990. The latter is
a disease which has a very long latent period: it can stay in a latent state actually for
many many years or, sometimes, we may have contracted it without it never showing
up. Let us compare the same the same map some years later, in 2005. One should
note that the disease has exploded, especially in southern regions: numbers almost
have doubled. The reason is that, during that time window, HIV reached the African
continent. HIV is a disease which compromises our immune system and makes it less
efficient: the probability of getting any other disease is higher than the normal.

This should explain us what is depicted in the map: when people contract HIV,
their immune system becomes inactive and consequently Tuberculosis can activate.
As one may have understood, HIV has provided much help for the spreading of TB:
numbers shown represent the fraction of patients which get both HIV and TB. This
actually was the first example of interaction of two diseases.

The downside, when competition between diseases may arise, is shown as an
example by seasonal influenza. From fig. [L.6] we can see the distribution of the
different influenza viruses that are out during a single season. Individuals can be
infected by different strains of influenza, therefore the distribution of the prevalence
of total infected people is the sum of the values regarding the three strains.

It can be shown that our immune system has a sort of memory which provides
a long lasting immunity. The main consequence is that if we accidentally get a

lindeed when we draw M, the recovery time R can be any number greater than M itself: in a
certain sense R is fixed once M has been fixed.
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Figure 4.5: Map of the prevalence of T'B for different years (1990 and 2005).
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Figure 4.6: Distribution of different strains of influenza for a single season.

disease, there is a possibility that we end up not contracting it once again for some
time in the future. Moreover, it can provide also a sort of cross-immunity for some
other diseases that are similar to the one we contracted, even though our immune
systems had never faced them. As one can imagine, this implies that the actual
susceptible population is just a reduced fraction of the whole one, and should explain
why we do not usually observe influenza pandemics.

However, evolution applies to viruses as well, since they may mutate during time.
For instance, HIV is an extremely volatile virus, and is known as one of the fastest
evolving entities known: science has categorized different types and subtypes, which
are distributed among different regions.

We are now going to focus only on the simplest settings, in which we consider
competition and cooperation between only two diseases. We want to discuss how it
is possible to model these kind of interactions between diseases/strains and their
behaviors. The simplest solution to our problem is to couple different dynamics,
let us see how.

For instance, the simplest case one can think of is to couple two different diseases
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whose dynamics are respectively SIS and SIS. We end up having twice the number of
states (see fig , since we take into account all the possible combinations between
compartments. A single node i at time t can be be either one of the following states
{8S,SI,18,11,} with its own probability density {[p>°]%, [0°1]%, [p"°]i, [p"]i}. There-
fore, every disease will be defined thanks to its own parameters {f1, 82, p1, 2}
However, some more are to be introduced, namely the ones that encode the inter-
action between diseases.

ne
oy

O s g i
Figure 4.7: Coupled SIS model and all possible combinations and different transition
probabilities between each compartment.

0

As an example, let us discuss one of these models. Let us consider a classical
heterogeneous mean-field in which we have two different diseases that can spread
inside its own network. We are dealing now with the most general case: diseases may
spread in different manners and by different means. For example, one may contract
a disease orally, while an other one by blood contact. This is the reason why we need
to take into account different networks in which diseases spread: every network is
peculiar of the disease and can be different one from another, having its own degree
distribution or topology. As an example, for HIV we have a network that is defined
by its degree distribution P(k), while for TB an other network P(l). However, when
dealing with both of them we shall use the joint probability for the two distributions
P(k,1).

Recalling now that we are doing a degree based mean field, we are able to divide
our network in four different classes according to the compartment they belong to
and their degree distributions: {SS(k,1),SI(k,1),I1S(k,1),II(k,1)}. As an example,
SS(k,1) is the fraction of nodes of degree k in the first network and [ in the second,
that is susceptible for both diseases.

At this point it comes to take into account, and therefore model, the interaction
effects between the two diseases (see fig. . These interactions may result in three
effects:

¢ modified susceptibility \,: being infected of one diseases makes an individual
more (A, > 1) or less (A, < 1) probable to be infected by a second one. It is
the case for the HIV that increases the probability of contracting T'B, or for a
strain of a seasonal influenza that inhibits individuals to get influenza of another
kind

e modified infectivity A, once we get infected by one disease, we are less/more
infectious wrt the second one. Hence, we infect less/more other people with the
second disease.

¢ modified infectious period 7 if we are infected of one disease, it can fa-
vor/hinder the recovery from the other disease. As for the second case, it may
happen when our immune system is compromised.



4.2. Interacting diseases 49

Q D\SEASE 1

.,90

og.fc

D|SEA852 S p, Pr p
ce ¢e ce ¢e © 4
B AP M
[ X ] [ X ) o¢ Qv [ ] [}
e ¢¢ oo *e & o
. @ . @ - - ve (] ]

Figure 4.8: Coupled SIS networks and their effects on each other.

In this way we have covered all the possible interactions between diseases, given
this simple model. Obviously, the interactions may result in an increasing suscep-
tibility or infectivity, along with the tuning aforementioned parameters. Actually,
despite in this last model we have introduced all possibilities and cases that we may
observe, only a subset of them at time is meaningful and has some sort of biological
sense.

Now we may wonder how do the individuals flows between compartments look
like:

SS(k,1) = — (ko1 + 102)SS(k, 1) + p IS(k, 1) + p2SI(k, 1) (4.1)
IS(k,1) = ko1 SS(k,1) — INgo2IS(k, 1) — i IS(k, 1) + nuoII(k, 1) (4.2)
SI(k,1) = 102SS(k,1) — kXao1SI(k,1) — paSI(k, 1) + nuiII1(k,1)  (4.3)

IT(k,1) = ko1 SI(K, 1) + INoaIS(k, 1) — (qpuy +npo)II(k, 1) (4.4)

Where we have introduced the infection terms o1, oo for the disease 1 and 2. The
former can be propagated by both 1.5 and I individuals and the infection term is:n

o1 = (0% + 1,017)
while the disease 2 can be propagated by both SI and I1:
o2 = B2(03" + \03)

For the sake of completeness we write how ©; look like: they are the probabilities
that a link of network 1/2 points to an infected. For network 1 it holds that:

St Pk, KIS (k1) o Sy PR DEII(K, 1)
>k Pk, Dk b >k Pk, Dk

IS _
01° =

While for network 2:

Zk’lp(k,l)lSI(k,l) I Zk’lp(k,l)lff(k,l)
2k PR DI O = >y P (R, D)

The structure is absolutely the same as the one obtained for the one disease frame-
work, and also the procedure to solving these equations. However, we will not start
computations and derive all the results since some passages are extremely tedious.
In order to solve these equations, firstly we need to assume that we are in the
steady state. Later we are able to write down a couple of self-consistent equations

o5 =
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for o1 and o9, and then solve them by finding the intersection. Finally, the epidemic
threshold:

(k)

K1 S Pk l)k‘2 12022 \p+lo2 (mpada+Ap(Aapi1 +Aap2))+p2(np +nus2)
k,l ) 1202 \on+loa (1 +npz+Xanpe)+uz (np1 +np2)

Piloz) =

that is quite complex, but the form resembles the one of before.

One should see from the formula that the epidemic threshold of the first disease
depends on the prevalence of the other. An other way to see it is that we are
assuming that one disease is already there, and then insert a second one and check
the effects on the epidemic threshold.

Let us see what happens to the epidemic threshold for different cases.

For instance, let us consider the 3D epidemic diagram shown for cooperating
diseases (see fig. with A > 1 and n < 1.
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Figure 4.9: Cooperating diseases, A > 1 and n < 1

If we consider a single disease, one see that we get back the old results (in 2D):
since we have not introduced yet a second disease we are not able to see it. On the
other hand, if the parameter 35 is below the critical threshold, we cannot note any
difference and the spreading is the same as before. However, when we overcome the
threshold for a disease, one should note the that other’s decreases and therefore the
disease spreads easier and with a larger prevalence.

The opposite actually occurs when we consider competing diseases (see fig.
, that is the case A < 1 and i > 1. For either one of them it is more difficult to
spread once we have overcome the critical threshold for the other’s. This concludes
the discussion when taking for heterogeneous mean field degree assumption.

One may wonder now how quenched mean-field equation look like (individual
based formulation). For the sake of simplicity we are going to discuss only a single net-
work, and we will take into account only its main effect, that is the one on the modi-
fied susceptibility. Also under this assumptions equations {[pS%]itt, [pST]EHE [pIS]EH1
can be written, whose structure is exactly the same one as before for a single disease
case. Each term contributes and plays a role in the probabilities [p?%]it!, [pST]EH1,
Since these expressions are really long and complex, we are going to skip this part.
Nonetheless we will briefly discuss an interesting assumption we make during our
computations: we did insert the functions fgr, frs. It was done to consider the fact

II]§+1}
i
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Figure 4.10: Competing diseases, A < 1 and > 1

that we cannot contract two diseases at the same time, it would be unrealistic. How-
ever, if during our simulations it happens, we pick only one disease at random. The
function frg is the following, for the [p!® ]ZJFI expression:

qrs(1 —0.5¢s1)

_ 45
rs qrs(1 —0.5qs1) + qs1(1 — 0.5g15s) (4:5)
where:
N )
qis =1-— H 11— AyBy <[ IS)Er g [pH];-H)_ (4.6)
J
and:
N )
gsr =1-— H 11— AijB ([PSI}EH + [PH]EH)_ (4.7)

J
These equations can be solved numerically by iteration as we did for the single

disease scenario. One should have noticed that when A = 1 we get back to the classical
case. Let us see now what happens when the two diseases cooperate. Recalling that:

1 1S, ST, I
P=x Z(pi + 7"+ pi") (4.8)

If the probability of getting the disease is A = 2 one can see in fig. that the
curve becomes steeper and, as \ increases more this behavior accentuates even more
and looks like exploding. Moreover one should note that, despite the infectivity 3 is
exactly the same, the prevalence p shows some discontinuities that becomes larger as
more the two diseases cooperate more and more.

Let us now see what happens when two diseases compete. The resulting effect is
the so called full cross-immunity: once we contracted a disease we cannot get the
other one. Accordingly the prevalence is:

= Z T pf® (4.9)
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Figure 4.11: Cooperating diseases, numerical simulations results for different A.

As expected, the prevalence shown in left figure does not change at all and is
the same as before. While, plotting the difference |p’® — p5!| we observe some oscil-
lations in values slightly after the critical threshold. This is explained by saying that
only a disease can survive, and which is given by chance, being the two symmetrical
(see right fig . As f increases, we see as the difference approaches zero: both
of them here survive each with the same prevalence. That is to say that a half of
infected population has contracted a disease, while the other half the second one. For
large B we see as the two diseases coexist.
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Figure 4.12: Left: Competing diseases, numerical simulations results. Right: Competing

diseases, numerical simulations results with particular attentions to the survival disease.
In the intermediate regime, the survivor is chosen by chance.

This system actually can be studied also in terms of its dynamics. We start by
noting that it has two stable points. They might for instance coincide in the origin
in the (1, 82) space: here obviously both of them are absent. We can continuously
move these points and increase (31, 82) that are not anymore degenerate: the system
will settle in either one of these attractors after some time. Later, when we have
overcome a certain threshold, the stable points will again coincide and find ourselves
exactly in the middle. Here, both diseases are coexisting with exactly the same
prevalence. However if we introduce a slight difference between them, i.e. they are
not symmetrical anymore, the stable point will not be in the middle anymore but
slightly move according to what we have changed.
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5

Spreading in social systems

Let us now discuss about how we can apply the epidemic models we have studied so
far to other scenario, especially in social systems. Indeed, spreading of information
inside social systems shares many similarities with epidemic spreading (i.e. ‘“viral
information”). This is why one can find a huge literature about these topics, where
epidemic models are adapted in order to include also social aspects.

However, there are also some differences: the communication aspect actually
behaves in its own way and leads to some effects that cannot be totally included in
simple epidemic models. In social contexts things are a bit more complex:

e information transmission is an intentional act for both sender and receiver;

e often beneficial for senders and receivers (e.g. reinforcement), that is to say
we are "invited" to acquire more information while feeling like spreading it.
Indeed, the information can be replicated by different sources: for instance we
often see the same information different times in different places;

e influenced by cognitive and psychological factors;

e content of information matters (e.g. homophily), so we tend to cluster among
people that share the same knowledge or type of information.

According to these last properties, there are different instances of spreading, and
a single one can be defined as:

e simple contagion if there is no memory, no reinforcement

e complex contagion if multiple exposures and reinforcement are involved,
i.e. we keep trace of past interactions that can be either independent of each
other.

In addition, we shall introduce the so called threshold models, that present
some sort of threshold effect. Empirically, we may say that if only few friends bought
a certain product we would not feel like buying it, as it would be if nearly half or hall
of them have bought it. In the old fashioned models, when we were susceptible, our
infected neighbours tried to infect us along with a certain probability. But, in this
case, if our neighbours number is lower than a certain threshold, we cannot be
infected by them. Conversely, if their number is either equal or above that threshold
we are going to change our state.

In particular, threshold models lead to information cascades, that is to say
that if someones acquires some information then he will start spreading it to other
people. In turn, they will keep on sharing it until it will have reached a huge amount
of individuals as if in a sort of cascade.

95
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5.1 Complex contagion

We want now to generalize what we have told so far, and introduce some sort of
more abstract model which is able to mediate between complex and simple contagions.

The main assumptions we will make for such general contagion model, able to
reproduce both simple and complex contagions, are the following;:

e we will assume to deal with well-mixed population;

e we will introduce the usual three compartments as in the STR models: thus we
will end up with different classes S (susceptible), I (infected) and R (recovered)
of individuals;

e we will keep trace of past interactions up to time 7T, since we want to take
into account the effects given by different exposures in different period of times;

e we will change the way information is spread: given a successful interaction
with an infected j, a susceptible individual i gets a “dose” of infection d;(t).
This is done to take into account that the more we see a certain information,
the more likely it will be spread in the future;

e Once the accumulated dose D;(t) = Y\_, 41 di(t') exceeds a fixed thresh-

old d?, then the i-th susceptible individual becomes in turn infected.

As one can see, we actually started from a STR dynamics and applied some changes
to it, in order to create the general contagion model that can be applied to social
networks. Whereas, regarding the dynamics of the infection process:

e at each time step ¢

— each individual ¢ contacts a random individual j;

— if 4 = S and j = I, with probability p, individual 7 gets a “dose” of infection
d;(t) that is distributed according to a dose size distribution f(d);

— with probability 1 —p, that is to say if the contact has not been successful,
d;(t) = 0.

e cach individual keeps trace of the doses acquired in T timesteps via the *“cu-
mulative” dose: D;(t) = Zi’:t—T—H d;(t)).

e if the cumulative dose D;(t) is larger than the individual threshold d, individual
1 gets infected.

As for the recovery process, the dynamics is more or less resembling the classical
dynamics:

e if D;(t) gets below d}, i recovers with probability r;

If one would like to create a more complex model, it is also possible to add an
R — S transition that occurs with probability /. This could be done to simulate
an SIRS model with reinfection dynamics. The limiting case, namely the one with
r =1 and ' = 1, we end up again having an SIS-like dynamics.

Having said so, let us now summarize the main parameters we introduced so far:

e p and r are infection and recovery probabilities. They actually play the same
role as # and g in the epidemiological models;

e d;(t) “dose” per infection, which distributes according to f(d);
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e d threshold, in turn distributed following g(d*).

Note that f(d) and g(d*) can be any distributions. By varying them we can
reproduce different behaviors, i.e. obtain different dynamics. However, with specific
choices of p, f(d) and g(d*), it is possible to tune the effects of the threshold dynamics
to our system. For instance, for either low or null threshold (or relatively high-valued
doses distributions) we observe a dynamic really resembling the ones we have studied
so far. Conversely, we may end up to models where the "threshold dynamics" is the
one that characterize and strongly determines the behavior of the system.

Let us now formalize mathematically what we have said up to now and finally
try to solve it. Firstly, let us define the probability for an individual with K < T
contacts to be infected as:

K
K _
Pog() =3 ( k) (1 p)K P, (5.1
k=1
Let us discuss the single terms. p*(1 — p)K ~* is the probability for the contact to
be successful. Note as it a Bernoulli distribution with K trials and k£ successes.

This is multiplied by the Binomial coefficient that takes into account all the possible

ka) and, finally, it is multiplied by the

factor Pg. In particular Py is the average fraction of infected individuals after having
received k doses in T' time steps:

- k
Py = /0 dd* g(d*)P <; di > d*) (5.2)

which one can easily note, does depend on the thresholds. Indeed, P(Zle d; > d*)
is the probability that k& doses exceed d*.

This model can actually be solved numerically for any distribution of f(d) and
g(d*). However, for some specific cases we can recover classical dynamics. Indeed let
us consider:

combinations of k£ successes in K trials (

e if the probability of a successful contact p < 1, the dose has a fixed size f(d) =
d(d—1) and fixed threshold g(d*) = 6(d*—1), we observe epidemic spreading
where interactions are independent (see fig. . In particular, all contacts
share the same infection probability and the threshold is d* = 1, i.e. one
successful contact is enough to contract the disease. In addition, if we want
to recover an SIS dynamics, we must constrain the dose to be the same for
everyone and the threshold to be unique
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Figure 5.1: Generalized Complex Contagion model: epidemic spreading.

e if the probability of a successful contact p = 1, the dose has fixed size f(d) =
d(d — 1) and fixed threshold g(d*) = 0(d* — 5), we obtain a deterministic
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threshold model (see fig. . In particular, we arbitrarily fixed the threshold
at d* = 5, that is to say that we need at least 5 encounters to be infected (they
do happen with p = 1, so every contact is actually successful!). Hence, despite
the dose size is exactly the same as before being the distribution peaked in 1, in
this case we actually need more than a single contact to contract the diseaselT]

1 ————0—0—0—0—0

08}C
P.
o 06
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0.2
O—0—0—0—0
5% 6 & 10

Figure 5.2: Generalized Complex Contagion model: deterministic threshold model.

e if the probability of a successful contact p = 1 , the dose size f(d) distributes
log-normally and the threshold is fixed g(d*) = d(d* —5) we obtain the so called
stochastic-threshold model (see fig. . In particular, we observe that the
threshold is still fixed at d* = 5, but now the “dose” per successful contact
varies. In this case we assume contacts to not be equal among them, so despite
the threshold being fixed, the dose size is actually diﬂ"erentE]

0.8
P
04
0.2

Figure 5.3: Generalized Complex Contagion model: stochastic threshold model.

5.2 Applications to Online Social Networks

We want to apply our framework to real social networks, thus we want to under-
stand how hashtags or memes spread in online social communities. Let us consider
the analysis of real data extracted from Twitter. In the latter we may have different
types data: however we are going to focus only on retweets (RT) and mentions (Q)
that contribute to the diffusion of hashtags in different communities. In particular
we want to see whether the structure, namely reinforcement and homophily, inside
communities does have a role in the spreading.

To quantify the fraction of information that flows inside and outside of a commu-
nity, we will introduce the following weights:

e (we)), is the average weight (number of tweets) per link inside the community;

Yfor instance 5 friends that show to me the same information.
2for instance we may trust some friends/people more than others, hence we give more importance
to their information rather than acquaintances’ one.
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o (wn), is the average weight (number of tweets) per link outside the community.
And the same for users activity:

e fr is the fraction of activity inside the community;

e f-, is the fraction of activity outside the community.

If information in Twitter spread like a simple contagion, there should not be any
noticeable differences in the spreading process inside and outside a community (e.g.
we observe no reinforcement). Conversely, if we saw that the average weights inside
a community would be larger than outside ones, actually we should take into account
some sort of reinforcement.

In Fig. [5.4] we can see the results showing the average weight inside and outside
a community. They are actually pretty similar, but if we take a look more closely,
we may notice that the averages for spreading inside a community are little higher,
therefore we can conclude that homophily and reinforcement do play a role.

3'5‘(A) . 2.5 (B)
3.0/ L 20 - _
2.5| _
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Figure 5.4: Spreading inside a community is favored (effects of homophily and reinforce-
ment are noticeable).

To clarify this last point, we introduce a new metric on the level of single hashtags
(h). Hence we measure the average popularity of an hashtag inside and outside a
community, i.e. for every hashtag we measure the popularity that a tweet exploiting
the latter had. In particular, for each hashtag:

e we measure the usage dominance r(h). This is the ratio of tweets produced
inside the “main” community of A and the total number of tweets containing h,
namely T'(h). We expect that this metric is low for viral spreading and high
for complex contagions;

e we measure the usage entropy H(h): how h is distributed across communities.
It is high for viral spreading and low for complex contagion;

e we measure the average exposure N(h): which is the average number of
exposures needed to adopt hashtag h. It is low for viral spreading and high for
complex contagion.

In order to analyze it, we use some reference models (4 models M17..,74) in order
to represent different baseline behaviors (see Fig. for more details):

e the simplest model is M; where, for a given hashtag h, we randomly sample
the number of tweets or users using the averages we have from real data (i.e.
we assume that data is extracted at random). In such way, we can obtain some
sort of average behavior for all the hashtags where we do not consider any
community, neither network structure;
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e the second model Ms is simply an epidemic model. In particular, it takes into
account the network structure while neglecting social reinforcement and ho-
mophily. Each hashtag therefore starts from some random users (the "seed")
and, at each timestep, it spreads to other users according to a certain probabil-
ity. This is indeed a reference model for simple contagion;

e However we can have more complex models which can take into account network
structure, reinforcement and homophily. This is a reference model for complex
contagion.

Table 1 | Baseline models for information diffusion
Community effects
Network Reinforcement Homophily Simulation implementation

M Fora given hashtag h, M randomly samples the same number of tweets or users asin
the real data.

My v M; takes the network structure info account while neglecting social reinforcement
and homophily. M; starts with a random seed user. Ateach step, with probability p,
aniinfected node s randomly selected and one of fs neighbors adopts the meme, or
with probability 1 — p, the process restarts from a new seed user (p = 0.85)

Ms v v The cascade in M; is generated similarly to M, but at each step the user with the
maximum number of infected neighbors adopts the meme.

My v v In My, the simple ding process is simulated in the same way as in M but subject
to the constraint that at each step, only neighbors in the same community have a
chance to adopt the meme.

Figure 5.5: Reference models for information spreading in online social networks.

Let us consider Fig. [5.6| where we can see r(h), H(h) and N(h) in function of the
number of tweets 1" and number of users U. Black lines represent the real data, while
the dashed line represents the theoretical results returned from model M; (average
behavior), whereas the red square My (simple contagion model) and last the blue and
green lines given by models M3 and My (complex contagion).

One can note as popular (in grey) and not popular hashtags do result in two differ-
ent behaviors, therefore can be easily distinguished and separated into two different
classes. In particular, it holds that:

e popular hashtags (large T' and U) spread like epidemics (viral);

e less popular ones follow a complex contagion.
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Figure 5.6: Results of information spreading in online social networks.
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Let us start now to dig deeper adding some complexity to our models. In partic- Saturday 14t

ular now we want to understand why spatial spread of epidemics is important, and August, 2021.
its possible effect over public policies. It allows us to estimate the invasion risk for
a given territory, hence understanding whether a place is more likely to develop an
epidemic. In this way we are able to model and realize the conditions for contain-
ment, since containing an epidemic spatially helps in its management. Moreover, we
will discuss about the so called spatial coupling, that is to say how the epidemic in
a given area influences the epidemic in another. This should have explained us why
spatial information is an essential ingredient in epidemiology: we need to know
where the epidemic is at a given moment in order to take the proper countermeasures.
There might be different drivers of spatial transmission:

6.1 Spatial spread of epidemics

e direct transmission among humans: the spatial spreading of epidemics is strongly
affected by the human mobility. Hence the pathogen spreads carried by travel-
ling individuals;

e vector borne: the spatial propagation requires both human mobility and the
local presence of competent vector (mosquitos, rats...). Mobility for vectors is
also possible, too;

e different drivers, such as food borne, environmental diseases, zoonotic pathogens,
etc.

As said, human mobilityE] behavior determines the spatiotemporal pattern of
spreads. This should take into account that there exist different types of mobility,
and the actual kind becomes relevant according to the epidemic and the epidemio-
logical questions we are facing.

6.1.1 Human mobility

There are actually different types of data for the human mobility network. For
instance, air travelling data is collected by the International Air Transport Associ-
ation (IATA). It can be actually purchased, since the information publicly available
is limited. There are two types of this data:

e segment: number of seats for each company between two airports;

"Human mobility: Models and applications, Barbosa et al. Physics Reports 734 (2018)

65
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e origin-destination: number of passengers travelling between origin-destination,
obtained from the tickets purchased.

Doing a similar analysis to the one we have done so far for the “air” network, one can
note two facts related to the number of connections and the number of passengers:
both topology and traffic distribution are heterogeneous.
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number of connections number of passengers
peripheral Frankfurt, low traffic Tokyo-Sapporo
airports 318 connections airports 17000 p/day

Figure 6.1: Whole segment network worldwide, 2002. Topology of the network and flux
of passengers graphical analysis.

We can indeed find some scaling relations between fluxes, number of connections
and population, as one can see from Fig. [6.2] The average number of route i — j
is determined by a non linear function of the traffic in airports, and it has form
Wij ~ (kikj)e with 0 = 0.5 and N; ~ kf) with 0.5 < ¢ < 1.5, where k; is the traffic at
the origin and k; at the destination. Values for  and ¢ are computed empirically.

10°
10° 10' 10° 10° 10* 10°

Figure 6.2: Whole segment network worldwide, 2002. Scaling relation.

Another type of mobility one may encounter is the so called commuting. This
information is obtained from census of different countries and it mainly deals with
locations of residence and work. For this reason, spatial resolution is highly variable
and depends actually on the country: local/regional administrations can be actu-
ally organized differently within states. Moreover, we can make the aforementioned
graphical analysis also for commuting network.

We want now to point out the differences between the air travelling and the
commuting networks. In order to do so, first we obviously need to use the same
spatial resolution: this is why researchers defined macro urban areas centered
around airports. Now we are able to look at what differs one network from the other.
The first feature one may want to analyze is the average daily number of travellers
in a certain area: it is about 1000 for the air travel, while 20’000 for the commuting
network. Order or magnitudes are indeed different. Another important point is the
fraction of daily travellers: it is defined as the probability to travel per time unit,
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Figure 6.3: Topology of the network and flux of passengers graphical analysis for commut-
ing network.

namely the daily flux of travellers normalized to the catchment population of an area
assuming that all people have the same probability to travel. Empirically, we observe
that is more probable to commute (10~ 2days~!) rather than air travel (10~3days™!).
Finally, time scales for the two processes are different. One should first define what
is a time scale: we can refer to it as the length of the stay in the destination, or more
generically as the time elapsed from one trip to another. This quantity when one
travels by plane is usually of order days/weeks, whereas commuting is a matter of
hours since at workplace we spend order of hours. In conclusion, commuting has a
faster dynamics and leads to a higher level of mixing.

One another type of data that is available is the one shared privately by telephone
providers. Information is recorded for each call and/or SMS: for instance time, caller
ID, recipient ID, call duration and cellular tower. Using the position of the latter
ones one may be able to reconstruct individual level trajectories. Obviously, for
privacy, users are anonymized. Some challenges that may arise using this kind
of data are the following: for statistical reliability the analysis is restricted to
users that call more frequently, but this actually can turn out to be not precise
since many locations can still be missed. Another issue is that the area covered by
the cell tower is highly variable: towers are more dense in densely populated area,
whereas the spatial resolution is rural area is very poor. This kind of data is
really important and accurate: one can reconstruct individual trajectories and the
mean of transport used and, eventually, why. For many low income countries this is
actually the main source of information regarding mobility, despite it is available
worldwide. Some drawbacks are that statistically this data must be treated carefully
and poses statistical challenges, also from a numerical point of view. Moreover, data
cannot be shared across groups for a matter of validation.

Other data can be collected from GPS, exploited by some apps or from research
projects. This comes with the greatest level of accuracy on movement trajectories:
spatial resolution is about few meters and temporal resolution is about seconds.
However, devices with GPS are a really small subset (10%) compared to ~ 10° mobile
phones. Data can be collected by other mobile application services (e.g. Google,
Twitter, Facebook...), it can give high spatial resolution, being it based on GPS,
but the population may not be representative. Note that, because of some special
events, data can be donated: Google, Apple have been sharing their data for good
initiatives in helping against the fight or COVID19. An other historical way to
collect migration was to trace the position of some US Federal banknotes ﬂ their
trajectories are likely a convolution of the mobility of several individuals. Finally,
annual information of residence from individual tax return files in the US can describe
migration, which has a time scale that spans over years.

2www.wheresgeorge.com
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As one may imagine data is very heterogeneous, being heterogeneous the sources
where we collect it from. Heterogeneity can be seen in spatial resolution, individuals-
level /origin-destination fluxes/seats, broken down per transportation media or per
purpose of the trip. Since every dataset provides partial information, one may
think to try to combine some of them. For instance, this cannot be done for air-
travel and commuting network, being the spatial ranges very different. In addition,
combining cell-phones data and commuting we are able to extract commuting prox-
ies from cell-phone data. Finally, we should state that we cannot spot clearly the
differences that occur for people of different ages: among air travellers indeed there
are few children and old people, and statistically they look like the same and cannot
be distinguished.

6.1.2 Modelling Human Mobility

Let us now discuss what models all the data collected so far can lead to. There
are many types of model we can think of, starting from individuals-level models or
population-level ones. As one can imagine, in the individuals-level models we model
trajectories of individual using mathematical tools that might include stochasticity:
random walk, brownian motion, Levy flight or preferential return, but there are
actually many others.

Regarding instead population level models we try to model fluxes of individu-
als, therefore adding some layers of abstraction and generalization: we want to find
for instance the Origin-Destination matrices. There are two main families for these
kind of models: gravity models, or intervening opportunity models.

The Gravity Model was first introduced by G.K. Zipf. He took inspiration from
Newton’s law of gravitation in order to describe mobility flows:

N;N;

T;; o (6.1)
where IV; is the population in i-th site and d;; is the distance between nodes 7 and j.
The last formula can be written in a more general formula as it follows:

T = CM;M;F(dij), ~ M; =N M;=N] (6.2)

where F'(d;;) is a general function that is either a power law of the kind dfj or

exponential form e#%i or a combination of both. This model actually permits to fit
very well the data, despite there are no general values for the fitting parameters: they
do vary according to the spatial granularity. A possible workaround forvthis problem
was to introduce the formula of Balcan et al PNAS 2009 (T;; = C']:’:d]:? ) which was
fitted to 29 different countries spread across all continents. The main result was that,
when data is aggregated at the same level of spatial resolution, the same parameters
are able to model well the mobility fluxes in all countries.

Another historical model for the mobility was the so called radiation model
(see Fig. [6.4). It was introduced by Stouffer (1940). He noticed that the key driver
of migration was the number of intervening opportunities or the cumulative
number of opportunities between the origin and the destination. However, definition
of "opportunities” was intentionally left vague and they assume a different meaning
with respect to the system we are dealing with.

Resulting fluxes in this way are independent of p(z) and are parameters free:

R NN,
"1 — N (N + i) (Ni + Nj + Sij)

Tij = O (6.3)



6.2. Integrating Human Mobility in Epidemic Models 69

[Simini et al Nature 2012]

Figure 6.4: Graphical description for the radiation model. Individual is more likely to
move where opportunities are more, since we use their number as a metric.

where S;; is the population in the radius d;; and M = ), N;. The advantage that we
do not need any parameters in order to use this model: it is useful in epidemiology
when the only information we have is the population distribution (it usually happens
for low developed countries). However, the goodness of fit depends on the spatial
resolution.

6.2 Integrating Human Mobility in Epidemic Models

Now we want to use the knowledge we have acquired so far to describe better
how Human Mobility affects epidemic spreading. In order to do it, we will borrow
from ecology the concept of metapopulation models. The last was introduced
to study the interplay between stochasticity and spatial heterogeneitieﬂ the entire
population was divided in patches which are discrete entities (see . It follows
that there may be two different levels of mixing: local, that occurs within a patch, or
global that occurs among patches. It is a coarse grained description, and patches
can be seen as the new elementary units for our network.

Figure 6.5: Population is divided in discrete entities, the so called patches that will become
our new elementary units when dealing with network.

In ecology the dynamics is therefore driven by stochastic effects, which may lead
for instance to extinction or recolonisation. This, obviously, will suggest us to find an
analogy when dealing with epidemic models. However, one should keep into account
that the discrete nature of individual is one of the most essential ingredients
to describe the dynamics: it is meaningless to state that half an individual travels

3Levins Bull. Entomol. Soc. Am., 15 (3) (1969).
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between two patches. The first models assumed that the mixing between patches oc-
curred homogeneously, while more recently more complexity has been added: mixing
among patches has started to be mediated by the human mobility network hence
coupling the metapopulation perspective with network theory.

6.2.1 SIR metapopulation model

Let us discuss now how we can introduce the metapopulation concept into a model
we have studied so many times: the SIR model (see fig. [6.6). The only difference
here is that it is not an individual-based model any more. now we do not keep
track of every indivudal, but we just monitor the occupation number of patches and
compartments.
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[Hanski, |. & Gaggiotti, Elsevier, Academic Press, 2004]

Figure 6.6: How we can model mobility and transmission dynamics using SIR metapopu-
lation model

For each i-th patch we can define the following variables, as we did for the entire
population before: S;(t), I;(t), Ri(t), and obviously it holds that N;(¢t) = S;(t) +
I;(t) + R;(t) with clear meanings for each of them. Note that, given a total number
of V patches, it follows the definition of global variables:

S(t) = S1(t) + Sa(t) + S3(t) + ... + Sy (t Z Si(t (6.4a)
I(t) = L(t) + L(t) + I(t) + ... + Iy (¢ Z Lt (6.4b)
R(t) = Ry(t) + Ra(t) + R3(t) + ... + Ry (¢ Z Ri( (6.4c)
N(t) = Ny (t) + Na(t) + N3(t) + ... + Ny (¢ Z Ni(t (6.4d)

The set of equations related to i-th node and the compartments is the following:

ddb;" = —5(%’( )¢ of (6.52)
i Sz

Sisp (tgv; AT (6.5b)

d(ﬁ" = ul;(t) + QF (6.5¢)

where we have introduced ;¥ that is a measure of the in-flow or out-flow of people
in compartment X. Note as the set of equations really resembles the SIR model we
previously studied.
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We will now discuss how to compute QZX for which we need to model human
mobility. The first assumption we make is that the mobility is a Markovian process.
Indeed, this is the easiest model one can think of. We need now to model human
mobility, and this can be done in the following way: we now that IV; people live in ¢-th
patch, and w;; is the number of people that travel i — j. Therefore, the probability
for an individual in ¢ to travel from ¢ to j is:

Wi
pij = ]\;j

2

(6.6)

The simplest possible model is when p;; is the same for all individuals regardless
their infectious status (S,I,R) and their travel history. This is the Markovian assump-
tion we stated above. As soon as an individual enters into a new population, she
mixes completely within it and cannot be distinguished from other individuals any
more. Moreover, she will be considered as part of that population from now on.

Travelling is a binomial process. The average number of individuals in com-
partment X in ¢ travelling from ¢ to j at each ¢t is:

Wi
(T ) = pisXa(t) = Nj Xi(t) (6.7)
Therefore, a formula for QZX can be the following:
0X = Wit 5. Wig X; .
F=2 ( NN, (6.5)

J
where, for the flux, we consider all the people that are entering patch ¢ from all
possible other patches j, as well as all individuals exiting the node ¢ being their
destination any other patch j.
We now recall the assumptions we have done so far. We have modelled mobility
as a Markovian process. In other words, we assume that travellers mix with the
population at destination and forget about travel origin. The implications hence are:

e travel trajectory is random: patch ¢ — patch j — patch [ — ...;
e we do not take into account the residence location;

e we do not take into account the length of stay while travelling.

At the end of the day we are modelling a migration process. The Markovian
assumption for mobility actually works well as long as travels are not frequent,
that is to say that travelling rate is negligible wrt epidemic time scales (p;; < ).
Moreover one should choose the Markovian assumption when we want to model the
short term dynamics of an epidemic. In the real world, some situations where this
hold at a first approximation are for instance:

e air-travel and acute infections: for example flu or COVID 19. We have seen
that travelling rate is about 10 3days~' that way smaller that their recovery
rate 10~ days™!;

e the early spread of COVID-19 or a flu pandemic. However, it does not work
when we want to model the spreading in the long run (i.e. for large times).

6.3 Application of metapopulation models

In the last lecture we have introduced the so called SIR metapopulation model,
deriving it and understanding it analytically. Now we want study it further, focusing
on the spatial propagation and predictability under the assumption of Markovian
mobility. Note that beside it, there might be many other assumptions we can make
to model mobility.

Lecture 15.
Thursday 19th
November, 2020.
Compiled:
Saturday 14"
August, 2021.
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6.3.1 Spatial propagation dynamics

Let us discuss the dynamics of spatial spreading when we are above the epidemic
threshold. Given that an epidemic has started in a given city i, we want to under-
stand how it will spread to j, h... Let us define the seeding time (or arrival time)
as it follows: it is the time of arrival of the first case in patch j. Let us focus on a 2
patches model (see fig . We consider that the travel events between patches i — j
occur as instantaneous jumps (of probability p for each individual) at discretized
times, and I(t) is the number of infectious in patch i at time ¢t. The probability
that any infected individual arrives in j at time step n is [1 —(1—=p)! (”At)].

I(t) ~ eh(fin—1)t

Figure 6.8: Dynamics of spatial spread: p is the traveling probability ¢ — j, and I(¢) is
the prevalence in patch j at time t.

Consequently, the probability that the first infectious individual arrives at time
tseeding = t = nAt in city j is then given by:

n—1

P(tseeding = niAt) = [1 — (1 — p) "20] 5 T (1 = p)T47) (6.9)
i=1

which expresses the fact that at least one successful “jump” from i to 7 of an infectious
individual occurs at time nAt, and none at previous times. In order to obtain the
probability density of the arrival time in city ¢, we first note that in real world systems
the number of travelers is usually small with respect to the total population of a city:
p =wAt/N < 1. In this limit for p — 0, we can rewrite:

P(tseeding =t)=pl(t)e ? 2o<i<n 1(iAY)
Using the standard approximation of At ., . I(iAt) — fg I(1)dr:

P(tseeding = t) = pf(t)e_p f(f I(r)dr (6.10)

Defining now a = p(Ry — 1) and knowing that I(t) = e at early stages, we can
rewrite the probability as:

at

P(tseeding = t) = peate—ge (611)

That is a Gumbel distribution, whose expected value is:

1 p
(tseeding) = —=~log (a) (6.12)
This is the expected time needed for the infection, starting in 4, to end up in j for
a 2 patches model. Let us consider now the generalization to a chain of identical
patches (see fig , denoting the population as N and the traveling weight among
patches p.

Now it occurs that there is correlation among patches, since the time at which
the patch 7 is infected does depend on the previous one, that in turn depends on
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Figure 6.9: Dynamics of spatial spread: p is the traveling probability among patches, that
are now more than two.

the one before and so forth. Infected people that travel between patches are actually
important only at the starting of each infection process for every patch, but later these
can be neglected since their contribution is small compared to the normal spreading
dynamics. We can define as A; the interval that interoccurs between two consecutive
seedings, obviously related to different patches:

n

<tseeding,i> - <tseeding,i—1> = Aia <tseeding,n> = Z Az (6-13)
=1

Consequently A; are correlated and not identically distributed: incidence dynamics in
city 7 is mainly given by two contributions. The first is a term related the introduction
of the infection from ¢ — 1-th patch (travelling rate, infected individual travelling...),
while the second one is given by the infection transmission dynamics within patch ¢
itself. Every patch is therefore correlated to the previous ones. However, the simplest
approximation one can think of is:

<A> = <tseeding,1>

which can be shown to not work so badfll

It is straightforward to introduce a metric that describes how nodes are close to
each other. It is function of connection “weights” (see Fig. that are in turn
given by the number of travellers, of flights and connections are present between a
pair of nodes. In this way we are able to introduce an effective distanceﬂ — In(pij)
between nodes i and j: despite the geographical distance is way larger, it follows that
New York and London are actually closer than New York and any other rural place
in the US Midwest using this metric.

1 Py
<’seeding,;) = _;1“ (7])

1 Pin
<tseeding, W= -7 In (7)

Figure 6.10: Effective distance between node ¢ and other nodes connected to it. The larger
the edge, the stronger the connection weight.

So, the existence of pathwayﬂ through which it is more likely that the spread of
a disease can occur, comes in helpful when we are requested to make risk assessment
analysis for some regions. Indeed, it allows us to better predict the possible path
through which the evolution of a spreading might occur. We now introduce the overlap
function ©(t) € [0,1] that describes the similarity between 2 outbreak realizations
among different numerical simulations: the closer to 1, the more similar they are.
Obviously, the higher the overlap, the higher the predictability.

As one can clearly understand from Fig. [6.11] introducing the degree hetero-
geneity decreases the predictability: in this way we are including hubs in our model.

4Gautreau et al JTB 2008.
5Brockmann, Helbing, Science 2013.
6Colizza, Barrat, Barthelemy et Vespignani, PNAS (2006).
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Figure 6.11:

Top: numerical simulations with no degree fluctuations and no weight fluctuations.
Middle: numerical simulations with only degree fluctuations and no weight fluctuations.
Bottom: numerical simulations with both degree fluctuations and weight fluctuations.

On the other hand, if we consider also pathways hence bringing in weight fluc-
tuations numerical simulations are more likely to return similar outputs (the pre-
dictability is increased).

One of the most important questions when dealing with epidemics and mobility is
whether introducing travel bans would allow us to gain some time wrt the spreading
of the disease. In other words we want to see if a restriction of traffic would be
effective in either containing or delaying the propagatiorﬂ We therefore rescale the
travelling probability by a factor of w:

1 pw
tscedi ~——m(2) 6.14
< seedlng,T.R.> a a ( )
We can now compute how much time we “gain” when we introduce some traffic
restrictions:

1 pw 1 P 1
<tseed1ng,T.R.> - <tseed1ng> = _a hl(;) + 5 hl(a) = _5 ln(w) (615)
where 0 < w < 1. This result is indeed really important: to have a consistent
delay in the propagation, we must cut the flights about order of magnitudes,
with all possible consequent social and economical implications since the dependence
is logarithmic. Therefore, the moral is that it is way better to help the metapopulation
where the epidemic started, rather than cutting flights, being it quite useless. This
would mean to try to decrease the slope of the exponential growth in the patch where
the disease originated. For instance, during H1N1 pandemic in 2009, traffic volume
from Mexico to Europe decreased by a factor of 40%, and the only gain in delay was
really poor (order of days). Indeed, the same result is obtained thanks to numerical
simulations with a global spreading model for influenza and it turn out that the delay
is negligible.
We want now to briefly discuss how these arguments can be applied to epidemic
assessment, in particular wrt COVID-19 situationlﬂ One of the first early warnings
emanated by the Wuhan Municipal Health Committee was the following: “urgent

"Gautreau et al JTB 2008; Hollingsworth et al Nature Med 2006; Scalia Tomba et al Math Biosci
2008.
Shttps://www.nytimes.com/interactive/2020/03/22/world/coronavirus-spread.html!
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notice on the treatment of pneumonia of unknown cause”. This was actually picked
up by ProMED-mail, which is an independent program for emerging diseases, that
raised an alert to the situation in Wuhan at the beginning of January. Later, some
cases of pneumonia were discovered far from the epicentre among travellers, namely 2
in Thailand and 1 in Japan: compared to the 40 local cases and to the traffic volume
(i.e. p to travel) it was really out of scale: local cases should have been many more.
This argument was actually developed by the Imperial College, stating thaﬂ this
new pneumonia had already started spreading worldwide and provided an estimate
for the number of cases. We want now to follow the argument developed by the just
mentioned report. Clearly, the number of infected that travel is Iirqp = Iwuhan Piravel
where the probability that an infectious travels pirqper 18 the product between the daily
probability to travel pgqi, and the time to detect a case Ty:

Ptravel = pdailde (616)

where pgqiiy is the probability of travelling out of Wuhan, namely pgqiy, = 5 and
the time to detect a case Ty is the sum of two terms: incubation period and time to
hospitalization (first cases were detected only after hospitalization, i.e. when symp-
toms started to be severe). Using real parameters, namely the passenger per day at
Wuhan airport w = 3301 person/day, the catchment population of the just men-
tioned airport N ~ 106 individuals and the incubation period 5 — 6 days and time
to hospitalization 4 — 5 days we could infer that the estimated cases must have been
around 1800 (95 %C.I. : 427—4471) individuals. This is much more than the 40 cases
officially detected. After that particular moment, with some delay, WHO raised an
alert, too, and surveillance was heightened in foreign countries. Since mobility data
among countries is actually more reliable, we can use them in order to infer the
epidemiological situation in the seed country.

A tool used in numerical simulations, for the worldwide spread of epidemics, we
may ever encounter is the website http://wuw.gleamviz.org/. GLEaMEG] is indeed
a site that allows us to both visualize and simulate numerically the evolution of a
pandemic using different data mobility and networks.

6.3.2 SIR metapopulation model with memory

Let us now discuss the SIR metapopulation model in a different regime: com-
mutingE]E], and not air travel any more. We therefore drop the assumption that
the traveling rate is negligible with respect to the epidemic time scale, i.e. p;; < p.
The interoccurrence time between two trips, from now on, will be of order of hours:
much less than the recovery rate.

In general, treating mathematically the interplay between mobility and transmis-
sion is very difficult. The problem can be solved by using time scale separation,
that works as a sort of mean field approximation. Hence, either the epidemic unfolds
faster than mobility, that is the case of flu (u ~ 107! days™!) and air traveling
(rate ~ 10~3days~! ) or alternatively mobility is faster than the epidemics, that
is the case of commuting (usually we travel twice a day, its rate is ~ 3days—!) and flu
(u ~ 10~ days—!). Timescale in commuting case is mainly given by travel duration,
whereas the probability p instead determines the fraction of people commuting, i.e.
the fraction of workers/students that daily travel vs pensioners that do not.

%https://www.imperial.ac.uk/mrc-global-infectious-disease-analysis/covid-
19/report-1-case-estimates-of-covid-19/

*YGlobal Epidemic and Mobility Model.

" Sattenspiel, L. & Dietz, K. Math. Biosci. 128, 71-91 (1995)

12Keeling, M. J. & Rohani, P. Ecol. Lett. 5, 20-29 (2002)
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Figure 6.12: Graphical representation for the SIR metapopulation model with memory,
this is actually more realistic since we usually back and forth in such trips home<«+—workplace.
We distinguish the population inside patches on their residence place.

We want now to take into account that, when commuting, we usually return to
the place where we started. A typical trip in this case would be ¢ — j — i. Nothing
however prevents us to leave once again for k-th patch as soon as we are back to 7,
but this would not not commuting any more. The first modification we make is to
divide every patch (here for simplicity we show only two in Fig. distinguishing
on the individuals and whether they are resident in ¢ or j. In this way we can consider
people that, despite they live in another patch i, travelled to patch j with a certain
leaving rate o;; and will return home according to a returning rate p~ =1~ 8h.
that is independent of the destination. Nj;;(t) are the individuals resident in ¢ and
traveling to j, while we approximate the population for a given patch i as constant:

N; = Nig(t) + Y Nij(#) (6.17)

The latter is the expression that describes the number of people resident in patch
1. In other words we are assuming no immigration and no births nor deaths. In this
way we can keep track of from where and individual left.

We want now to consider the the change in time of people resident in ¢ and either
staying in ¢ or leaving for j:

OiNii(t) = = > oiiNu(t) + p > Nij(t) (6.18a)
8tNij(t) = O'Z'jNii(t) - pNij(t) (6.18b)

The linear ordinary differential equation of order 1 to be solved can be rewritten,
replacing » - ; V;;(t) from into 9;Ny;(t), as:

The first solution is:

¢
Nii(t) = elptoit <C’ii + Nip/ e(p+‘”)sds> —
0

(6.20)
_ N + ( Nis(0) — N e—P(+ai/p)t
1+o0i/p 1+0i/p
While for the individuals resident in ¢ and travelling to j:
Ny(t) = ZuNilp 7y (m--(o) N ) e
L+oi/p  oi L+o0i/p (6.21)

i Vi i N; _
[Ny = GuNile oy (y - N ] e
14+0i/p o 1+0i/p
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More important quantity to be defined is the time of relaxation to the equilibrium,
which is defined as 7 and dominated by:

p(A+0i/p)) t~pt=r since p > o; (6.22)

where the probability of leaving i regardless the destination is oy = ) ; Oij Therefore,
the equilibrium solutions one may find are:

N; ~_ oijNi/p
1+o0i/p’ Y 1+o0i/p
Since also in the steady state number of people that are resident in 7 is conserved,
then we can compute the number of people present in ¢ as:

N; Njoii/p
N = N, N, = ——* S 6.24
% m‘i’; ji 1+U¢/p+21+0j/,0 ( )

Ny = (6.23)

J
The ratio actually o;/p quantifies the proportion of time spent outside and in the

residence population.
Let us discuss now some limiting cases:

e 0, >0 = Ny;(t) = N;i; N;j(t) = 0; N — N; in this case people rarely leave
their residence, thus the non travelling individuals approach the population of
residents;

e p > o0 = Ny(t) = N;; Nj(t) = 0; N — N; people return home
immediately thus the non travelling individuals approach the population of
residents;

e p = 0 = Ny(t) = 0; Ny(t) — ZN"; NP = 3 ZiNj here the case
collapses to migration process: people never get back and the population of

resident in ¢ is distributed among the neighbouring destinations j.

One should recall now that the time scale of commuting 7 &~ 8 h, while the duration
of an acute infection (i.e. flu) is way more: u~! ~ [1 — 3] days. We could adopt, as
said, a mean field paradigm: we assume that the person can be partially in a place
and partially in another one: on average it happens that he might be at the same time
in different placeﬁ Transmission dynamics is therefore slower than mobility:
we can assume that compartments occupation numbers are at the equilibrium with
respect to mobility dynamics. Formally, the occupation numbers are:

= Xt _owXe g g g (6.25)

w 1—|-O'Z'/p, . 1+O’i/p, T
We want now to understand how many infected individuals a susceptible person
resident in ¢ is exposed to, that is to say we want to compute the force of infection

A
I(t)
A=pF—= 6.26
B0 (6.26)
This parameter is present in the set of differential equations related to compartments
numbers:

0,8 = —5]%))5(75) (6.27a)
oI = ﬁ]{f(é))S(t) — uI(t) = AS(t) — pI(?) (6.27b)
OR = pul(t) (6.27¢)

13in terms of reality it is meaningless to state that fractions of person are present in different places,
unless we are speaking about Voldemort and his Horcruxes. Aside jokes, Mean Field approximation
allows us to attach a meaning to these fractions since we are considering them "on average".
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Instead of explicitly modelling mobility, we now directly compute the effects of
the other patches on the risk of infection, i.e. we break down the force of infection in
its different contributions. Having assumed we are at equilibrium, S; is distributed
among patch ¢ and all possible destinations j according to the set of proportions:

e o

whereas the risk of infection has the form:

Aii Aijoij/p
N = Y aiile 6.28
14+0:/p 1+0i/p (6.28)

J
where the first contribution is the contribution of people that stay at home, and the
second is the contribution of people infected that visit patch ¢ from any other patch j.

In the formula above we have that \; is the force of infection that a person resident
1 experiences from infected people that are in ¢, formally:

B; Bi I; Ij”ji/ﬂ
i = 2| I E Il =2 + 6.29
S - 7 N¥|14+0:/p ; 14+0j/p (6.29)

Whereas );; is the contribution of a susceptible resident in ¢ that is travelling to any
other patch j and there is exposed to infected people:

/8.
Ij; +Zfla‘] =N
1 J

Note as some of the terms are similar to the steady state ones in equation These
last expressions are actually useful in numerical simulations, and they allow us to
understand the relative role of mobility and infection parameters on the epidemic
dynamics in order to speed up the simulations, too. One should actually remember
that both infections and travels are stochastic processes, and last results hold only
when mobility is faster than the epidemics time scale.

I; Lioy;/p
+ 6.30
1+0;/p El:lJrUl/P (6.:50)

J

6.4 Global Invasion Threshold

Following the formalism introduced for the SIR metapopulation model and marko-
vian mobility, we want now to analytically derive the epidemic threshold for
metapopulations. The latter is the threshold for a pathogen that, when overcomed,
allows it to spread among the entire population. In other words, we want to find the
conditions for a local outbreak to spread at a global scale.

In order to pursue our goal, we make the so called coarse graining: starting from
the formalism typical of a single subpopulation we decrease the number of degrees of
freedom by making some averages or finding some more general rules. Quantities must
therefore be scaled accordingly: R, is the correspondent to Ry for metapopulations (if
R, > 1 we observe an outbreak), and the typical timescale is now the duration of an
outbreak in a patch. Hence, we follow the spread from one subpopulation to another,
by the mean of mapping{jz]E] the spreading dynamics among subpopulation
into the spreading on a network.

We are indeed approximating as a branching process and try to follow the
invasion dynamics at the subpopulation level, denoting by D™ the diseased subpop-
ulations at the n-th generation. Hence, we do not follow the dynamics in term of
times, but in terms of generation.

1 Colizza & Vespignani, PRL 2007, JTB 2008
15Cross, et al. JRSoc Interface 2007
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0

Figure 6.13: Dynamics of spatial spread at subpopulation level and the generation time n
they contract the disease.

individual subpopulation
level level
R.

R,

virus extinction

icontainment

1 R, 1

R.

Figure 6.14: Left: Dynamics of spread on a individuals-in-a-network level. Right: Dy-
namics of spreading among subpopulation, once we made a coarse graining. Graphically,
they look like similar, despite the change in value, and meaning, of parameters as output of
the mapping. R* is the analogous of the basic reproductive ratio Ry at metapopulation level.

6.4.1 Homogeneous networks

Let us assume that we are dealing with homogeneous systems, for the sake of
simplicity, and with only 2 patches: namely j and ¢ as one can see in Fig. [6.15]

Figure 6.15: Dynamics of spatial spread at subpopulation level, but considering only two
patches.

The variables one may want to introduce now are the following ones: wyq is the
number of travellers along each link, whereas (k) is on average the number of
connection of each subpopulation, which coherently with our notation has popula-
tion N. Let us introduce now «, that is the epidemic attack rate: it is the "final
size" of the epidemic within each patch. We recall that the latter depends on the
basic reproductive ratio Ry.

Using these quantities we can compute the probability of early extinction of the
disease, that is the probability for the disease to be not able to spread to other patches

once it started in patch 7
Px = —1 N 6.3
[ 31

where Ry is the usual term and );; is the total number of infectious individuals sent
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from 4 to j during the local outbreak:

wo o

Aij =
TN

(6.32)

Note that it is the product of two terms: the first factor is the probability to travel,
while the second is the ratio between the total number of people that get the infection
rescaled by the recovery rate pu. We recall taht « is the maximum value of the
prevalence ¢ = I /N within a patch.

The number of diseased subpopulation at generation n, namely D™, is computed
iteratively from the number of diseased patches at generation D"~ 1:

n—1 m
D" = ({k) = 1)(1 = Pext) (1 =Y V) pr-! (6.33)

m=0

where V' is the number of patches. Moreover, in the factor ((k) — 1), the —1 is
present in order to ignore the patch we have got the infection from. In addition, the
one highlighted is the probability that the patch is disease free at n — 1-th generation.
The last factor D" ! is the number of diseased patches at the previous generation:
as one can imagine, if the remaining factor is larger than 1, then the epidemic has
an outbreak, otherwise it gets extinct. Indeed:

n—1

D" = R, <1 — Z Vm) prt

m=0

where the condition for a global outbreak is R, > 1.

Accordingly to what we have just said, the factor R, is therefore defined at the
beginning of the infection, i.e. when all patches are susceptible and so the sum gives
no contribution and can be neglected, as:

R, = ((k) — 1)(1 — Poxt) (6.34)
Moreover, if Ry is really IOWE, the probability of having an outbreak is:

1\
1= P =1— (=) =~Xj(Ro—1) = 2Ry — 1) (6.35)
Ry 0

which actually simplifies our expression for R,. Indeed, recalling that according to
our assumption every patch has same number of connections and travellers, we obtain:

awgo

R. = ((k) - 1)7(30 -1 (6.36)

We want now to study the dependencies of the invasion potential. It is indeed a
growing function of: Ry, both mobility related quantities overall traffic rescaling wq
and average number of connections (k). In addition, it is inversely proportional wrt
recovery rate y or, in other words, it is a growing function of infectious duration.
The more we stay infected the larger becomes R, and if the latter is larger than
R, > 1 the epidemic is able to spread to other patches, which actually makes sense.

16 Actually this last approximation does not hold for COVID19, since it was able to spread given
that its Ro was high.
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6.4.2 Heterogeneous networks

Let us introduce a more realistic model and consider that networks are actually
different from the homogeneous we have seen up to now. Indeed, real systems are
highly heterogeneous. As we have already pointed out (see Sec. and Fig.
and |6.2): the number of connections and travellers along the connections is hetero-
gene This implies that average quantities, such as (k), are not representative
of the properties of the patches: homogeneous approximation is bad. How-
ever, we were able to find some scaling relations: these are some approximate laws
that make computations feasible and are related to the degree-block description
(coarse-graining).

S| [ My

k=1 k=2 k=3 k=..

Figure 6.16: Patches are divided into different degree blocks, according to the number of
connections k they have.

With degree-block description we mean that we group patches according to their
degree, and consider patches within the same degree-classes homogeneous. In other
words, we make the approximation, similar to the one we have made with networks,
that patches with same number of connections behave in the same way, like
when we used the Mean Field Degree Approximation with networks.

We can rewrite some quantities using some empirical laws found when analyzing
air traveling data: catchment populations, number of connections for every airport
etc. The number of individuals resident in the patch k is:

Ni, = Nok®
Whereas the flux between two nodes k and k'
wi = wo(kk')”
therefore the probability of travelling from a node of degree k to a node of degree
K is:

_ wo (KK)?
Pik = Nk

(6.37)

where the ¢, 6 are empirical values. Once we have as input the degree distribution
P(k), we can try to find the number of diseased subpopulations at generation n, with
k mobility connections, namely D}’

=2
k=2 k’=7?

Figure 6.17: A patch that has k£ = 2 connections was infected. We want to compute what
is the probability that it is connected to a disease-free patch of degree k'.

17Colizza & Vespignani, PRL 2007, JTB 2008
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We want now to derive the invasion equation as before, but this time in a hetero-
geneous mean field approach framework. The question to be replied is therefore the
following: what is the probability that an infected patch with degree k' is connected to
a disease-free patch of degree k. The answer to this question is the following:

n—1 m
Dy =>"Dpt (K = 1)P(k[K) (1 -> %) (1 = Peart(Awr)) (6.38)
k! m=0

which looks like except for the sum over all possible degrees k' that was intro-
duced since we are dividing our patches in same-degree classes. Let us analyze every
term: the &/ — 1 is the number of mobility connections through which the seeding
might potentially occur. This is multiplied by the probability that contact has degree
k, given we are starting from a node with degree k’: explicitly in networks when we
pick a node at random P(k|k’) = k%. In this step, we have assumed that the
network is uncorrelated. This however implies that when we are making connections
at random we are more likely to connect to hubs, leading to the so called friendship
paradoz, a.k.a. "rich gets richer", where nodes that have already many connections
tend to accumulate more. These last two terms are given by the topology of the
network. The second last term (red) is equal to the one previously obtained: it is
indeed the probability that the contact patch belonging to k class is disease-free. Last
term (orange) is, as before, the probability for the epidemic to not get extinct before
the global outbreak. One should note that, as previously done, this last term can be
approximated to A\gi(Rop — 1) assuming this is a branching process, and moreover for
heterogeneous networks:

AV
)\k,/k _ wo(kk) g — wo(kk/)eg
Nk®  pu I
Finally, [6.38] can be rewritten as it follows:
kl—‘r@P
DI = (Ry — 1)0‘;"0 Z DK — 1)k (6.39)

If we define the highlighted factor in red as @"_1 for a more compact writing, we can
multiply both rhs and lhs of Eq. by >, (k — 1)k? thus obtaining:

aw; <k2+29> _ <k1+2e>
p ()
In this way we obtain a function that is monotone as well and has the property that

the epidemic spreads if O™ is greater than ©"~!. But, actually, this how R, works,
so we have found an expression for the invasion potential:

aw; <k2+29> _ <k1+29>

p ()

If the last condition holds, then the epidemic will spread. As one can easily note,
R, is a growing function of Ry, the overall traffic rescaling and average number of
connections (wp), epidemic attack rate a, infectious duration (7 = p~!) and, finally,
of the moments of the degree distribution and its fluctuations which are very
large for random networks: (k?t20) — (k1720) ~ 7.10* while (k) = 10. In this way,
the network topology is indeed helping and favoring the spread of the disease (see
Fig. ! One should keep in mind that we are dealing with travelling individuals
as integers, and the stochasticity relies in the process of travelling, which might either
happen or not (Bernoulli process). However, if they are treated as integers we are not
sure that outbreak will happen for sure. Indeed, this would happen when dealing with
continuous variables (i.e. fraction of individual) which would be quite unrealistic.

O" = (Ry—1) ot (6.40)

R, = (Ro—1) >1 (6.41)
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Figure 6.18: Left: Network topology favors the spreading of the disease and its global
outbreak. Right: Attack rate in function of different traveling probabilities and the basic
reproductive ratio Ry.

6.5 Spatial spread of competing diseases

Figure 6.19: Two strains present in the same metapopulation network.

We will present now an application to understand better what we have explained
so far: let us assume that there are two competing pathogens that are in the same
metapopulation system. The compartmental mode]@ that we obtain is the one
in figure there are two strains of a certain disease present, and one individual
might be infected by either one of them. Once he recovers, he acquires the full-cross
immunity, that is to say that he cannot be infected by both of them any more. The
main difference between the two is that the infectious period of one is actually faster
than the others (7sou > Tfast), Whereas they share the same Ry.

Since the two strains have actually different infectious periods, they lead to dif-
ferent infectious dynamics. Indeed, 7 affects both the slope of the exponential
growth, as well as the peak and the presence of the disease at longer times. For in-
stance, keeping Ry o< §/p fixed, if 7 is small we stay infected for less time but the
transmissibility S must be actually higher, hence the spreading explodes. On the
other hand, if 7 is large, we stay infected more and therefore the disease has more
time to spread despite the lower 8. At the end of the epidemic, we will have reached
the same amount of population but ended up with very different dynamics.

If we let the two different disease spread in a well-mixed population with the
same assumptions as before: the faster strain will infect faster much more people,
being the transmissibility higher. In a certain sense, the "slow" disease will die out.

Let us now introduce, under the same assumptions of two competing diseases one
faster than the others with fixed Ry, the metapopulation network. The probability
to travel from a patch to another is p, regardless of the patches. The results of the
simulation are depicted in figure

At the end of simulation there might be a little chance for the two strains to
coexist if they reach the same patch, however, more likely the fast strain will make

18Poletto, PLOS Comp Biol PRL 2007, JTB 2008.
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Figure 6.20:

Top. Compartmental model for two competing disease with same Ry and different infectious
time 7. Once one recovers, he acquires the full cross immunity. Bottom. Different epidemic
timescales for the fast and slow strain of the disease.
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Figure 6.21: Numerical simulation results for two competing strains in metapopulation
networks for different value of travelling probability.

the other die out when the probability of travelling is higher. On the other hand, if the
travelling probability is less they even might not encounter each other, and therefore
the slower strain is favored to last longer and still be present at the end of simulation
time. We can find a probability p. for which the two diseases show a crossover,
having the same prevalence. One should note that, for higher traveling probability,
we approach the homogeneous mixing regime.

Recalling what we have discussed, we can bring what is at the scale of individuals,
namely the infection duration p~!, Ry and the logistic curve I(t) ~ e#(Fo=Dt ¢ 5
patches scale. The timescale will be the outbreak duration T and R, will be:

apN

R = (k) — 1) (Ry — 1) (6.42)

while the number of diseased patches is D(t) ~ er =1t Ope should note that,
since we are assuming that all patches are the same, the outbreak duration T on
average is the same for every patch.

According to the fact that R, is an increasing function of !, we have that the
invasion potential R > RY. However, for large p it holds that both R, Rl > 1, but
the faster strain is able to reach more rapidly new patches. Instead, for small p, we
have R; > R! and the slower strain is more able to percolate through the system.
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We want now to understand how the probability p. for the crossover changes
with respect of Ry. We need to solve the following equation:

RS-1_ R{-1
Ds(t) Ne( o ) =1 (6.43)
Dy(t)

The solution is plotted in the left image of Fig. [6.22] It is given by replacing the
value for R, keeping also in mind that in homogeneous mixing T = T. In this way,
it becomes reasonable to be solved, otherwise a graphical approach would have been
needed.
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Figure 6.22:

Left: Crossover probability for different Basic reproductive rate Ry.

Right: Two competing strains in homogeneous metapopulations with different 7 and differ-
ent Ry.

Now let us drop the assumption that Ry is fixed, and allow for different Rﬂi
S =rRl (6.44)

where r is the ratio between the two Ry and 7 (see Fig. is the ratio between the
two infectious periods. Now, things start to change, indeed there are some regions
where regardless of the level of mobility either one of the two strain dominates: this
happens quite always for limiting cases wrt r. For small r fast strain always dominates
regardless the time of infection, while for large r slow strain always dominates when
T is not so large. There is in addition a crossover region where the two may coexist
and mobility does matter to determine which one spreads more than the other.

Analytically, if we introduce the exponential growth in homogeneous mixing as
G = p(Ry — 1), we see that there might be two different cases:

G>G" = R>R/ or RI>R — G/>¢G* (6.45)

that define our colored areas where either one strain dominates (the one that comes
with larger R,).
However it is present a third case: if Gf > G° and RS > R we may observe
crossover. More particularly:
r>1— G'>G6 = rR£—1<T(R£—1)
r<l— R:>R/ = rtaslog(R)) > aﬂog(Ré)

Summarizing: depending on the relation between the pathogens’ traits, mobility
can play a determinant role or be non-influential for the outcome of the competition.

9Poletto et al. Sci Rep 2015.
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In the space of epidemiological parameters, there exists a region for which lowering
the traveling probability induces a cross over from the fast strain dominance to the
slow strain one. This behaviour is determined by the trade-off between epidemic
growth and potential for spread at the spatial level, the former being an advantage
in a well mixed population while the second being relevant in a sparse environment
with intermediate or low mobility coupling.



7

Temporal Networks

Let us discuss about networks that change structure in time (see Fig. . This
kind of networks are called temporal networks. There are actually many of them:
for instance let us consider the face-to-face interactions network. It is obviously a
temporal network: nodes are indeed individuals and an edge is present depending
on whether we are talking to each other at the considered time instant. Since one
usually does not have conversations that last so much time, edges vary in time. Data
for this network can be collected through RFID: they are radio frequency detector
devices than can be tuned to 1-2 meters distance. If two people come across into each
other, then they send the data to a third antenna which keeps track of such contacts.
Another example of these network is the bovine displacement among farms (see Fig.
in Italy. Nodes represent farms, and every node is connected to others if cattle
were sold and moved from a farm to another.

% O
Cf%} TIME
[Holme, Saramaki Phys. Rep. (2012)]

Figure 7.1: A temporal network is a network whose edges vary as time passes.

bovine displacement among farms

|Bajardi, PLoS ONE (2011)]

Figure 7.2: Bovine displacements among farms network.

Despite the unquestionable usefulness of such networks, there are some issues
that arise.

The first problem regards data visualization. We are dealing with networks as
the one in figure we treat tiéme as a continuous varitable and we draw edges and
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Figure 7.5:
Reachability issue
is not important in
static networks.
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see how they change. However, the sequence of links is not a good representation
to spot communities/topology: indeed we see what happens and at what moment,
but in this way it is difficult to have a general overview. It allows us to preserve the
whole information but, actually, it cannot be easily analyzed. As one can imagine,
we must make a choice and understand what is really important to our problem.

e ¢cc i
; aa Qo G CCCT

Figure 7.3: Example of temporal network using sequence of links in time representation.

Some possible solutions are the following ones and are depicted in Fig. [7.4}

e aggregate the weights and lose time dimensionality: the longer the time
nodes are connected, the larger the weight. Building a static network makes us
lose much information, however these are the simplest networks we may work
with and shows clearly topology and communities;

e discretize the time that is to say sample the network according to rules
(daily snapshot). This helps us thinning our network, but at the end we have
still to deal with a temporal network (but discretized, so it can be seen as a
set of static networks) even though a less complex one, and might lead to some
misunderstanding.

A

o / g / :/C ‘\,h

C (b) Solution 2: Discretize the time and
- sample according to some rule.

(a) Solution 1: Aggregate the network
as a static weighted one. Only first 5 days
are considered as a time window.

Figure 7.4: Possible solutions for visualization issue with temporal networks.

The second issue one may face when dealing with temporal network is reacha-
bility. We say that i is reachable from j if it exists a path ¢ — j. This is indeed a
very easy problem to tackle when dealing with undirected static networks: every node
belonging to the same connected component is reachable from the other members.
On the other hand, if the network where we start from is a temporal one, a static
network might be the output we obtain after aggregating it. However in this we are
losing some important information: if, for instance, two nodes share a link only at
the very beginning, we see them as connected even though they are not present any
more after a certain time instant. It actually shows lots of path that might be not
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available any more. Hence, the existence of a time respecting path does depend on
the window [t, T] of observation (see fig. [7.7a))!

As said, in an undirected temporal network, j is reachable from ¢ only if there
exist a time respecting patch ¢ — j. That is to say that there is a sequence of
contacts that connects ¢ — 7 with each contact in the path coming sequentially one
after the other from node i — j (see Fig. [7.6)).

Figure 7.6: The existence of temporal paths between two nodes depends on time.

For? = 0.5 there is a path from Ato C
Fort = 11.5 there is no path from Ato G FOF'{J_] = 1 da'_.rsNO
(a) Reachability depends on the choice of (b) Whether infection spreads depends
time window. both on the disease, in particular p, and

on the time window.

Figure 7.7

One should recall that we are dealing with epidemic spreading: if we aggregate
network into a static one, possibilities to infect other nodes are much larger rather
then what happens for temporal network. Moreover, infection has a certain duration
that is given by the recovery rate pu: the longer it is, the more likely we stay infected
and are able to infect other nodes spreading the disease. On the other hand, when
infection duration is small we may recover without having the time to spread it to
other nodes that at that moment are not connected to us (see fig. 77).

The third issue that arises is the activation frequency or, in other words, the
contact heterogeneities. In static network, we know that there are actually some
nodes that have more contacts whereas some have few. The analogous for temporal
networks is that, besides the number of contacts a node may have, we must consider
how often activation occurs. That is to say: if a node activates often and has
many contacts, for sure it will lead to a different spreading rather than a node that
activates less often and has few contacts. It is also different in terms of epidemic
spreading if, once fixed the number of contacts, we have them as "one-shot" (we go
to a party and meet lot of people) or diluted wrt time (daily we meet few people):
at the end the number of total contacts will be the same. Indeed, the cumulative
number of contacts results from activation frequency and number of contacts per
activation.

Another issue we have to tackle is the non homogeneous activation, that is to
say that inter-contact times (i.e. inter-occurence time) between activations is not
exponential and the number of contacts cannot be modeled as Poisson. Therefore,
individuals do not have some sort of general activation rate: it is a more complex
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process, since according to an exponential distribution longer periods are not allowed
(see ﬁg. Indeed, empirical data suggests us that human behavior is bursty,
and this burstiness is reflected in broader-than-expected distribution of inter-contact
times. Some datasets, for example face-to-face interactions, emails, or phone calls
suggested that the best model that reflects human social activity is a power law with
a cutoff:

Pp(1) = Ar~%/E

Indeed, we usually stay inactive for a while, and then have a burst: we start reply to
just received messages and eventually start a conversation (causality effect).

(A) Original [LEC. Rocha, etal, PNAS 2009]

more realistic model: Pp(t) = At %™ 7%

(B) Exponential

(LN 10K 14040 1800
time (day)

Foisson model: Pp(r) = ——

(%)

‘ H E,—r.l'(r}

Figure 7.8: Inter-contact times can be modeled according different distributions, which
lead to very different behaviors.

The last issue is the most complex one to be captured by models and involves
temporal correlations. Every time a node activates, there is the chance that the
contacts it makes are correlated to the contacts it had in the past. A possible
workaround is to introduce the so called social strategylﬂ

ki
Vig = —2 (7.1)

Sit

where k;; and s;; are respectively the degree and the weighted degree of i in the
network aggregated over the interval [t — §,¢]. For v — 0 we have a memory-driven
behavior, so a node tends to make contacts always with the same nodes (social keeper),
while for v — 1 the behavior is memoryless, therefore a node shows a more socially
exploratory behavior.

7.1 Temporal networks dynamics

Let us consider now, once we have a dataset with temporal description of the
network, how its main properties affect the dynamics. Up to some years ago,
temporal networks were not considered of much interest: for instance indeed under
some assumption, namely the time scales separation, the time dimension seemed
not to be relevant in the spreading process and therefore was dropped.

Let us refer to the average infectious duration with x~', while let 7 be the
average contact time. For 7 < u_l
with a high resolution in time, being the network faster than the disease: considering
the average network would be actually sufficient. Conversely, if the network is slower
than the disease (e.g. migration network), namely 7 > p~!, one may want to exploit
the static network and drop the time information. We want to understand when
T ~ p~ 1, so when timescales are comparable. This can be done obviously if and
only if timescales are definite: there might be some distributions whose mean is

we do not need to take into account contacts

Miritello, et al, Sci Rep 2013.



7.1. Temporal networks dynamics 91

not informative, since its variance is high and a timescale cannot be defined out of
them.

We can follow two main approaches when dealing with temporal networks in epi-
demiology: bottom-up perspective and top-down approaches. In the first one, we
start building mathematical models for human interactions and the spreading dynam-
ics. However, this is not at all a simple approach and requires too much work. The
second approach is to take some empirical networks and run numerical simulations
over them, by randomising (i.e. neglecting/throwing away) some properties whose
we want to study the effects. In this way, we are able to understand the impact of a
specific property in the spreading process.

7.1.1 Activity driven model

It is the first and the simplest mode]E| that was introduced to study human in-
teractions, where nodes activate according to a certain rate. It follows the so-called
bottom-up approach.

The main ingredients for this model are:

e At timestep, indeed time is discretized;
e N: number of nodes;

e x;: activity potential, that is the number of activations of ¢ during At and is
normalized over the total number of activations (¢ < x; < 1);

e [F(x): distribution of the activity potential;

e a; = nx; activation rate, where 7 is a rescaling factor chosen to tune the average
number of active nodes per unit time in the system N =7 (z) N;

e m: number of connections made at each activation, it is the same for all the
nodes.

The algorithm for the model is indeed the following:
e at each time step ¢ the network Gy starts with IV nodes that are all disconnected;

e node 7 activates with probability a; At and makes m links with other randomly
selected nodes. Non-active nodes are still able to receive connections from active
nodes;

e at the next time step ¢t + At all the edges are deleted, so all links last ; = At.

This model actually captures the issue introduced when talking about heterogeinity
in activations: now we are indeed modelling Poisson activations, despite the rate
of activation is heterogeneous. In addition, it does not take into account possible
correlations between activations. Moreover, network at each timestep has on average
Ey = mn (x) N edges and (k), = 2—]% = 2mn (x) average degree. At the end of the
day the topology of the network is homogeneousﬂ even though activation rate is
heterogeneous!

Now we want to understand how properties change when we integrate the net-
work over a time window T'. The degree of a node ¢, in the aggregated network
is:

k(i) = kU7 (0) + k1 (i) (7.2)

2Perra et al, Sci Rep 2012.
3P(k) is Poisson

Figure 7.9: Ac-
tivity driven model.
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Let us focus on the first term k2UT(i): i makes on average Ta;m links. We
want to understand how many different nodes 7 connects to, without counting twice
repeated links with the same node. This should resemble the Urn problem, where we
want to count the number of different balls extracted from an urn with N balls after
T extractions. We know that the probability for each ball (node) to be extracted

at least once is p = 1 — [1 — 1/N]7®™ and the probability of extracting d balls is

binomial with parameters Bin(p, N,d). Hence, the average number of balls k2U7 is:
Ta;m

(KQUTY = Np=N[1—e "~ | (7.3)

as N — oo and the time window is such that T'/N — 0.

Let us focus on the other term kY (i), that is the number of nodes that make con-
nections with ¢ among those that were not targeted by 7. In this way we avoid double
counting. The probability that a node was not a target of i is the complementary as
before, that is: [1 — 1/N]T%™ ~ e~ %" . Given that the average number of edges
formed at each timestep is mN (a) and they can connect to node i with probability

1/N, we have that:

() = e () (7.4

Therefore, the degree formula can be written as function of each activity potential
a;:

_Ta;m _Ta;m _Ta;m Tnz;m

kr(i)=N[1—e "~ |+m(a)e. N ~N[l—e ~ |=N[l—e ~ | (7.5)

where we assumed that N — oo and T/N — 0.
Rewriting now the activity potential as a function of the degree z(k):

We can revert both the latter formula and Pr(k)dk ~ F(z)dx, thus obtaining degree
distribution of the aggregated network for observation in window of length 7"

Pr(k) ~ F[x(k)]dz(kk) = Trlnn 1 _1/€/NF I:_nﬂ]\llen (1 - ]Ié)}

If the time window dimension is small, namely 7" — 0, then also k/N — 0, and the
latter expression can be further approximated as:

1 k
Pr(k) ~ TmnF [Tmn} (7.6)
This implies that nodes activate and form a heterogeneous network despite
they activate heterogeneously. In other words, heterogenous topology in the aggre-
gated network (i.e. there are hubs), over a window T, results from a heterogeneous
activity potential (i.e. they activate more often). To avoid any further confusion:
at each timestep the static network is homogeneous, regardless the the activation
rate which is heterogeneous. On the other hand the aggregated network results being
heterogeneous, thanks to the heterogeneous firing rate distribution.

Let us try to understand what are the effects on the network dynamics on epi-
demic spreading. For instance, let us consider how the epidemic threshold changes
according to the activation dynamics. In order to pursue our goal, let us use the
activity block approximation that works as the same way as the degree block ap-
proximation, and consider a STR model. Let us define the probability of transmission
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per contact as 3, moreover let us assume m = 1: every time a node activates, it makes
a single connection. The STR equation, classifying nodes according their activity, for
infected nodes at time ¢t + At within class a is:

t+At t t t t /It/ t t ,It,a’At
1,72 = —pAtl, + 1, + B(N, — I,)aAt [ da ﬁ + B(N, —1,) | da “T (7.7)

The green term describes the probability for a node in class a to activate and get
in contact with infected nodes of any other classes a/, from which it contracts the
disease. The blue term, on the other hand, returns the probability we have to be
infected by other infectious nodes that instead activate while we do not. Defining the
last integral 0 = [ da’ %, we are able to write the total number of infectious
as:

/ daIttAt = [P — TP ATt + B (a) TPAE 4 BOEAL (7.8)

Multiplying both rhs and lhs of the last equation by a and integrating over the latter,
we obtain:

O = 0" — pf' At + B (a®) I' At + B (a) 0" At (7.9)

Up so far, we obtained two equations in two variables I and 8. Rewriting them as
differential equations:

Ol = —pl + B (a) I + B0 (7.10a)

00 =—pf+ B{a*) I+ B{a)b (7.10Db)

Let us understand now when these expressions return as a growth in the number
of infectious. The tool we will use is linear stability analysis. The Jacobian is:

J = _M+ﬁ<a> 5

5<02> —i+ B(a) (7.11)

whose set of eigenvalues is A1 2 = 8 (a) — p% 5/ (a?). We want the largest eigenvalue
to be positive, in order to have the number of infectious growing.
The condition for the largest eigenvalue to be positive is thus:

15} 1 1

and it sets a threshold for § that is function of the moments of the activity distri-
bution. Note as if activity distribution is heterogeneous, then its variance becomes
large and the threshold decreases, hence favoring the spread.

Summarizing, the activity driven model captures the realistic property of hu-
man behavior (face-to-face, sexual contacts, phone call, email, tweets) and takes into
account heterogeneous activity rate. Moreover, the contact network at a given in-
stant is sparse and has homogeneous degree. Once again, we want to stress that the
aggregated network over a certain time window is really resembling a heterogeneous
degree network!

So if we do not make any assumption on the pattern of activation that may unfold
at the same time scale of the spreading process, computations are made possible
within the activity-block approximation, which follows the same scheme as the degree-
block approximation. In conclusion, contact heterogeneity lowers the epidemic
threshold.
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7.1.2 Randomised Reference Models

Let us now discuss an example of the other type of approaches one may want
to use when dealing with temporal networks: top-down approachesﬁ Let us recall
we want to understand how the temporal structure of the network impacts the
spreading. We therefore compare the epidemics on real data with the outcome in
suitable null models that randomize (i.e. destroy) some properties over some others.
However, we keep the topology of the aggregated network fixed.

We are going to study 3 different types of randomizations. Let us define the
following quantities:

e P(7): inter-contact time distribution;
e wyp: cumulated contact durations of an arbitrary link AB;
e P(w): distribution of the cumulated contacts duration;

e n4p: number of contacts per link of an arbitrary link. These are the total times
A, B are in contact, regardless of how much;

e P(n) distribution of the number of contacts per link.

original IS
al o iby_B. ey L_E: I
az %2b2 B2 c3 Y2 dp baY2 az S2dy B2 ez

(a) Initial condition.
(b) IS: Interval shuffling applied.

LS TS

a2 %202 B2 ¢z 2 dp a2 by c1
ai ﬂblﬁ €1 a1 __h ez d?
(c) LS: Link Shuffling applied. (d) GTS: Global Time Shuffling applied.

Figure 7.10: Red (light) segments indicate A”B contacts, while blue (dark) segments
indicate C'”D contacts. For each link, individual contact intervals are marked with latin
letters and inter-contact intervals with greek letters.

Let us discuss the three different of shuffling (see Fig. [7.10) we may have:

e Interval Shuffling: the sequences of contact and inter-contact durations are
reshuffled for each link separately. The only property we destroy is the causality:
correlations between historical information of link are destroyed, since their
chronological order (sequence) is randomized.

e Link Shuffling: the unaltered sequence of events (i.e. contacts) are swapped
between link pairs. In this case we are destroying causality: by reshuffling
links we destroy causal correlations between pair nodes. Moreover, we are also
dropping wap and n4p, since we are assigning to each link a history that has
been taken randomly from other nodes. We are destroying the exact structure
of the networks, i.e. swapping labels.

4Gauvin et al Sci Rep 2013.
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e Global Time Shuffling: we build a global list of the empirical contact dura-
tions and, for each link, we generate a synthetic activity timeline by sampling
with replacement the global list of contact durations according to the original
number of contacts for that link. We are preserving by construction the topol-
ogy, the number of connections between each pair and their distribution. On
the other hand, we are destroying the remaining ones: namely causality, P(w),

wap, P(T) since now we are drawing randomly activation times.

See Fig. in which the main shuffling characteristics are summarized.
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Figure 7.11:

drop.

Table depicting all different types of randomizations and what property we

Comparing the empirical data and the other to the ones we obtain by using the
aforementioned shuffles, we are able to understand what are the main features of our
network. In addition, we can see how these either enhance or contrast the spreading
of a disease. For instance, if we destroy a property and we note that spread does not
strongly change, we are even allowed to not collect data related to that property any
more, thus saving time, memory and resources. On the other hand, if after shuffling
it strongly changes, then we can conclude that that property plays an important role
in the spread process.
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Model fitting

The next step one must make is now make sense of data. Therefore, we want to
extract meaningful information out of it by the mean of a model. However, there
are also many challenges when collecting data: one should think well about what
kind of data is needed, as well as the measurement process and its interpretation. We
are going to analyze these arguments using as paradigmatic example COVID-19, but
our considerations can actually be applied to any spread process.

8.1 Data Collection

When dealing with epidemic processes one usually speaks about incidence data,
like the one depicted in figure
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Figure 8.1: COVID-19 curve incidence data in France. For each day, number of reported
new cases are shown.

We want to model these data, so in other words we want to make make sense
out of it by interpreting raw numbers. In order to do it, we need first to understand
how it was collected and, recalling that data actually gives partial information,
this must be completed by the means of a model.

The main goals one wants to pursue by using models are:

e nowcasting: provide assessment regarding the present and close future of the
epidemics. Therefore, one may need to understand what is and what will be
the extension/distribution by groups/regions of the epidemic that is present at
that moment, given the partial information returned by data.
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e forecasting: prediction in longer term. For instance, one would like to predict
hospitals occupancy, when and how high will be the epidemic peak, how many
people will be infected over the next weeks or months, when epidemic will end
and what will be its final size.

e medical and biological understanding: at the very beginning we have no
medical /biological knowledge about the epidemic. Hence, we want to study
for instance how it propagates and through what vectors (human-to-human,
zoonotic, vector-borne, direct transmission, fomite, aerosol, droplets, etc...),
the role of asymptomatic/pre-symptomatic in transmission, susceptibility and
rate of symptoms by age group.

e exploration of counterfactuals and hypothetical scenarios: we run our
model to perform scenario analysis and understand what is the best strategy to
use in the future. It may be related to vaccination, pharmacological interven-
tions, lockdown, travel restrictions and their impact on the future spreading.
Indeed, these are long-term projections, despite one may want to explore the
case and what would have occurred if a decision had not been made. Hence
these arguments are valid also for the past: for instance we want to quantify
the impact of lockdown in spreading.

Let us discuss what is the data we usually work with. When we speak about
incidence in a given area and at time ¢, we refer to the fraction of population
resident in that area that has contracted the disease at time ¢. Hence, formalizing'}

number of people hit by flu

incidence = (8.1)

population at risk

Let us take a look closer to the numerator. Obviously it is impossible to have a
complete information about how many people have the flu at this moment. But,
first, one has to face the first problem of case definition: set of criteria used in
making a decision as to whether an individual has a disease or any other health
event of interest. Some possible criteria may involve: clinical (e.g. symptoms),
laboratory characteristics (e.g. exams, test results). Moreover personal information
are taken into account, such as whether this individual travelled to regions at risk /had
contact with people at risk can be classified using three levels: confirmed, probable,
possible. Cases definition can be either more sensitive or specific, and it has to be
tuned according to the risk assessment. A sensitive case definition will detect many
cases but may also count as cases individuals who do not have the disease (possible
overestimation). On the other hand, specific case definition is more likely to include
only persons who truly have the disease under investigation but also more likely to
miss some cases (possible underestimation). This is summarized in Fig. (8.2

Disease is truly present Disease is truly absent Total

complies to casea definition a b all cases
does not comply to case definition c d all non-cases
all 'diseased’ all 'non-diseased' all people in the study sample

Sensitivity = [a / (a+c) ]
Specificity = [d / (b+d) ]
Figure 8.2: Case definition can be either more sensitive or specific. In the first case we

may end up overestimating the number of cases, whereas when a test is more specific this
might lead to underestimation.

"We will use flu as example, since we have much data of it



8.1. Data Collection 99

Let us see how data is collected: in France there is a network of General Practi-
tioners (see Fig. that are volunteers and daily send a report to Health Minister
concerning all the cases they have visited during a workday. However, for some dis-
eases, for instance measles, every family doctor is obliged to report the case. Let us
continue analyzing the flu case. The number of cases reported is indeed the number
of cases seen by General Practitioners defined under the basis of some clinical crite-
ria. These are possible cases: the guarantee can be returned only after a laboratory
confirmation which is available only for a small proportion of cases.

Figure 8.3: The Surveillance Network in france (SN) is based on a fraction of General
Practitioner (~ 1%), who are volunteers.

Given the symptoms of flu:
e 10 symptoms (~ 30%);

e upper respiratory symptoms, e.g. nasal stuffiness, runny nose, sore throat,
sneezing, hoarseness, ear pressure, or earache (~ 60%);

e lower respiratory symptoms, e.g. cough, breathing difficulty, and chest discom-
fort (~ 2%);

e fever (~ 35%);

The main concept is that it is important to understand according to what criteria
data is collected in order to deal better with observables, indeed observables are a
prozy for the real data. One should note that they may be different even if they re-
gard the same quantity (look Fig. [8.4)): for ECDC' incidence data we might observe
a peak in autumn because of respiratory infections, whereas this might not be present
in Sentinelles reports, given they do not classify it as case of flu. The ECDC case
definition, as one can imagine, has higher sensitivity and this can return overestima-
tion of the number of cases. Conversely, according to Sentinelles cases definition we
might underestimate their number.

Let us take a look closer to the denominator. It refers to the catchment pop-
ulation, i.e. all the people living in the catchment area of the General Practitioner
reporting the cases, who would usually seek healthcare at the site when they get
sick. Therefore, the denominator for the area a that can be computed at a first
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Réseau Sentinelles

Sentinelles @8

eCcocC
- fever > 39 °C AND myalgia e
- fever OR malaise OR headache OR
- sudden onset myalgia

- respiratory symptoms - sudden onset

- cough OR sore throat OR
shortness of breath

higher specificity
(a) "Sentinelles" clinical case definition for (b) "ECDC" clinical case definition for flu.
flu.

Figure 8.4

approximation isﬂ
GPSN a

denominator, = Population, P
a

where the ratio GgS}DN 2 is the proportion of General Practitioners that contribute to

the Surveillance Network (~ 1% according to Fig. . Moreover, another problem
that biases our observable is given by the consultancy rate. Since many people are
asymptomatic or paucisymptomatic, the rate of people going to be examinated by
family doctor is highly variable by age: young people, except very little children, are
more likely to not go, whereas adults need to go in order to have permission to stay
home from work. Raw numbers depend also on family doctors density, on the health-
care system (how expensive is going to the GP), and on the period of the year that
brings specific diseases. In conclusion, even though data might look simple at a first
glance, dealing with it needs to take into account many variables all together and some
assumptions are more likely to be made if data is not available. Another important
point is that the confirmed flu cases are a very small subset among Influenza Like
Iness (ILI) people (symptomatic), people that go to General Practitioner, Infected
people which either can be detectable or not and that, obviously, need to be recorded
as infected.

Another characteristic of the case definition is that it might be variable in
time, specially when the range of symptoms is still unknown. It was the case of
COVID-19 at the very beginning. In addition, case definition is matter of au-
thority: once cases are reported in hospitals, some papers concerning viral loads,
symptoms, evidences are published. Health authority needs to collect and through
them in order to define better the case definition, keeping in mind a sort of trade
off: if case definition is high sensitive, there might be false positives and also cause
panic among people. Conversely, if the definition is too much specific, we risk to let
infectious people go around and spread the infection. This tuning depends on the
goals one may want to pursue.

With regards to COVID-19, case definition was therefore varying in time being
the range of symptoms unknown. Moreover, more problems arose since the disease
at the very beginning was not wide spread and it was still unclear the region where
it was spreading: the denominator related to the catchment population was kind of
difficult to estimate at that time. The reporting rate was highly variable in time: at
the beginning, the tracing system is able to intercept all the case, but the surveillance

2Horvitz DG, Thompson DJ. A JASA. 1952;47:663-85
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system might saturate even though the case definition remains unchanged. Moreover,
due to the change in time of case definition, number of cases can be always retro-
spectively corrected: real time analysis numbers are indeed biased and this is why
sometimes we observe spikes in incidence curves.

8.2 Epidemic Modeling and Bayesian Inference
Typically, the steps are the following ones:

e Model design/implementation: decide the model ingredients that synthe-
sise available medical, biological, information etc. We can consider different
models, ingredients that describe our hypotheses. These can be for instance
helpful to simplify our problem and must be clearly stated at the beginning.

e Model calibration: estimate model parameters from available data, a.k.a.
model fitting

e Model validation: confirming that model output is sufficiently accurate in
reproducing the data. It is done as the result of model calibration, when we can
tell whether our model well represents data also taking into account secondary
aspects.

Let us introduce now some concepts about bayesian inference and Maximum
Likelihood that will help us throughout this process. Once we observe data, one
wants to introduce an Observation model O according to which we assume to
have acquired our data. In our case, we assume it to be a Binomial process with
probability p: every case, according to a probability p goes to the doctor. In addition
we need to define an Epidemic Model (e.g. SIR, or alternatively SEIR, SIRS...)
and a vector of parameters § = (B, i, ...) where some are to be inferred, while
others are assumed to kept fixed. This obviously depends on our data and on our
Initial Conditions [y, namely the number of infectious. All these quantities help
us to define the curve represented in Figl8.5

France

reported cases of COVID-19

- modelled trajectory = FIM, @, 0,1,
Figure 8.5: Curve fitting the incidence curve presented before (see Fig. |8.1)).
We therefore use a Maximum Likelihood approach that returns from a prob-

abilistic formulation: indeed the relation between model and data is probabilistic,
and our aim is to identify the trajectory and thus the parameters, 6, that are more
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probable given the data we have. One should note that, in the bayesian framework
probability is used as a measure of uncertainty.

When we are dealing with single random variable A we talk about wunivariate
probability: the probability that A takes value a is defined as p(A = a) = p(a)
and the normalization condition holds ) p(a) = 1. For continuous variables it
can be rewritten as [ p(a)da = 1. When random variables are more than one, e.g.
A, B, the joint probability that A takes value a and B takes value b is written as
p(A = a,B = b) = p(a,b). The marginal probability p(a) = >, p(a,b) and is the
probability that A takes value a regardless b: we indeed summed over all the possible
p(b). For continuous variables it can be rewritten as p(a) = [ p(a,b, )db

Some of the basic properties we will deal are the following:

e Conditional probability of a from random variable A, given that the outcome
of a random variable B was b is p(A = a|B = b) = p(alb).

e Bayes Theorem allows us to rewrite the conditional probability as follows

plalb) = g

e Chain rule: p(a,b,c) = p(alb, c)p(blc)p(c).

We are going now to introduce some variables and a short overview over statistical
inference. As said, the latter helps us in drawing conclusions from numerical data
about quantities that are not observed: for instance we see that a disease is more
frequent in adults and we want to infer its prevalence in children population. Some
of these unobserved quantities can be y: potentially observable quantities such as
future observations of a process (e.g. predictions), and 6 that are quantities not
directly observable such as parameters that govern hypothetical process. Bayesian
statistical conclusions about a parameter # or unobserved data g are made in
terms of probability statements. These are expressed as conditional probabilities on
the observed values of y: p(6|y).

In other words, we want to obtain a distribution for # conditioned to y: p(0|y).
In order to pursue our goal:

e we need a model (M) that provides us the joint probability distribution of
and y: p(6,y);

e given the model M, thanks to Bayes’ Theorem we can write p(6,y) = p(y|0)p(9),
with p(f) that is the prior distribution and p(y|#) that is the sampling dis-

tribution;

e we use the Bayes rule to condition on the known value of the data y, namely:

p(0,y) = p(0ly)p(y) = p(y|0)p(0)

The unnormalized posterior density, namely the expression that helps us infer-
ring the parameters we need, is:

p(0ly) o< p(0)p(y|0) (8.2)

It is unnormalized since we do not care about the normalization term: it is constant.
One should note that data affects the posterior only through p(y|@). If we keep
fixed y and let 6 vary, this is the Likelihood function £(6) = p(y|0)
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Example 1: Hemophilia

Let us consider now an example. Hemophilia is a hereditary disease associated
to a gene of the chromosome X . This is recessive inheritance: a man who inherits
the gene is affected, a woman who inherits the gene on only one X is not affected.
Let us recall, for the sake of completeness, that a man has chromosomes XY,
while woman X X.

We want to deal with the following problem: given that a woman has an
affected brother and a father not affected, she can be a carrier of the gene on
either one X. We want to estimate whether she is a carrier, and we define = 1
as the situation where she actually is, while § = 0 describes a situation where
she is not. Since we do not have any other information, a priori one should
not introduce any bias, hence p(6 = 1) = p(6 = 0) = 0.5.

Our empirical data consists on the fact that she has got two sons, and neither
of the two is affected: y; = 0 and yo = 0. The Likelihood is therefore:

p(y1 =0,92 =00 =1) = 0.52
p(y1 =0,52=0[0 =0) =1

Multiplying these terms, we can obtain the posterior, namely:

p(1, 2|0 = 1)p(0 = 1)

p(y1, 210 = )p(6 = 1) + p(y1, y2|0 = 0)p(6 = 0)
0.25-0.5 09

~025-05+05

p(0 = 1ly1,y2) =

So the probability that she is a carrier, given our observation is quite low.
However, most of the times, it might happen that new data is available:
for example the same woman has a third son, which is not affected y3 = 0.
Obviously, one does not want to lose all the information obtained so far, hence
we update the prior. The prior becomes:

p(@=1)=0.2, p(6 =0)=0.8

which is the posterior of before. The Likelihood follows the same argument
as before P(ys = 0/ = 1) = 0.5. Out of these expression we can compute the
posterior, which is:

p(ysld = 1)p(6 = 1) 05-02

= =0.111
p(ys3l0 = 1)p(0 = 1) 4+ p(y3|0 =0)p(§ =0) 0.5-0.2+0.8

p(0 = 1lys) =

Indeed, the probability for the woman to be a carrier is even lower. We want to
stress once again that, updating the posterior, we have not lost any information
that was previously obtained.

Example 2: Bernoulli trial

Let us consider another example, with Bernoulli trials. Recalling that for a
Binomial distribution we have n independent trials with two possible com-
plementary outcomes (either failure or success) and we observe y successes. The
probability of a success is 6, consequently for a failure is 1 — @ and this is the
parameter one may want to estimate. For instance, given a number n of obser-
vations with y successes, we want to infer whether a coin is fair § = 1/2.

In the case, we do not have any information so we can use a uniform prior
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for the paramterf: U[0,1]. The Likelihood is a Binomial distribution with
parameters:

P(y|#) = Bin(y|n,0) = (Z) oY (1 — )Y

Note as we do not write the dependence on n on the left side because is part of the
experimental design and considered fixed. All probabilities will be conditional
on n. The posterior becomes:

p(Bly) o 6¥(1 —6)"¥

that is nothing more that a Beta distribution Beta(y + 1,n — y + 1). Note that
(Z) does not depend on 6 therefore can be disregarded.

posterior

parameter

Figure 8.6: When we work with Bayesian inference we usually want to infer the most likely
value for a parameter thanks to the posterior, given the observation (data) and our previous
knowledge (prior).

Shortly, the prior distribution summarises my a priori knowledge about param-
eters. It might be defined based on the literature, for instance if we are analysing an
outbreak of flu and our goal is to estimate Ry, we may want to look at previous Ry
estimates. If we have no prior knowledge on the problem, however, the best idea is
to use a vague, or flat, noninformative prior. Instead, the posterior distribution
is a compromise between data and prior information. Such compromise is increas-
ingly controlled by data as the sample size increases. Posterior variance on average
is smaller than prior variance: if it occurs, then this denotes either a conflict or an in-
consistency between sampling model (i.e. data we obtain) and the prior distribution.
The main information one wants to obtain from the posterior are:

e Mode of the posterior, i.e. the most likely parameter given the data.

e Uncertainty associated to our estimate, i.e. the C.I. (credibility interval) and
usually it is given by the 2.5% and 97.5% quantiles. It is really a relevant quan-
tity: the range according to which the mode spans can lead to really different
and opposite outcomes.

Let us discuss now a more practical problem. We want now to understand how
to fit an incidence curve, such as the one in Fig. where all symptomatic
cases that go to the doctor are detected, to estimate Ry. In other words, we have an
incidence curve and want to fit a STR model. The steps to follow are:

e Data. We know that the infection causes symptoms for the 50% of cases. We
assume that all symptomatic cases go to the doctor and are detected.

e Observation model: weekly cases are independently detected with probability
d = 0.5. Observations y; are independent. This process is binomial: each case
has the 50% to be detected. However, for large numbers, it can be approximated
as a Poisson.
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- (b) Prediction of total () Prediction of de-
(a) Raw data: incidence number of cases for 6 — tected number of cases
curve. 0.36, i.e. I(t). for & = 0.36 at fourth

week, i.e. yi—a.

Figure 8.7

e Model: SIR, from the literature and peer review journals we know that the
average infection duration is ;~' = 5.5 days. We can assume this parameters

to be fixed.
e Parameter we want to fit is 0 = 3
e Prior uniform in [0, 1], since we do not have any information on £.

e Likelihood £(6) = p(y1,,.-.Yt, -, Yt |0) = [, p(y£]0), cases at t-th week are
denoted by

Then, for each value of 5 (our € to be inferred) we run a simulation of the trajec-
tory of the SIR, fixing u and Iy based on available knowledge. Practically, we can
approximate observed data to be distributed as a Poisson(\), where A = I(¢)d. This
is the number of cases we see at ¢-th week times the detection probability. The total
number of cases is distributed as the red line in fig. This returns us the model
projection related to the observation.

For instance, at week ¢ = 4, we observe y;—4 = 55 cases. If we assume data
is distributed as a Poisson, the sampling distribution is y;—4|0 ~ Poisson(\), then
A= I(t)d =86-0.5 = 43 we expect 43 detected cases. Keeping the parameter 6 fixed,
we have to compute the likelihood as £(0 = 0.36) = Poisson(55|\). This procedure
has to be done for every value of the parameter #. Moreover, one should take into
account that since dealing with products is uncomfortable because of really small
numbers and for computational simplicity, we take the logarithmlﬂ of the likelihood,
therefore considering the sum: log £(0) =, log p(y|6).

Let us summarize the basic idea behind likelihood computation: we want to
evaluate the probability of the data given the model and the parameters. In order to
estimate 0 we keep the model M and zg fixed and vary 8 to compute the probability
p(y|f). The Likelihood function is £(0) = p(y|#), and generally it can span a wide
range of orders of magnitude, which can lead to numerical problems. In practice it is
better to work with the log-likelihood: log £(6) = log p(y1,...,yn|0) = >, 1log p(y:|6).
The best estimate for 6 is actually the one that maximizes the posterior, i.e. the
mode.

In general the posterior distribution is difficult to obtain analytically, therefore
numerical integration is required.

8.3 Monte Carlo approaches

In order to compute the likelihood as a starting point, if our knowledge is
none, we can use a grid of points in order to compute p(f|y) for 01, 6s, ...0,, equally

31t can be done since £(6) is monotone, without any losing of generality.
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-

spaced. In this way, we approximate the continuous density function p(6|y) with the
discrete density function:
p(0ily)

> p(0ily)
However, this approach is to become rapidly unfeasibile as the dimensionality of the
parameter space becomes larger.

Another approximation one might want to take is the Trapezoidal approxima-
tion: after computing p(f|y) for a discrete set of points 6y, ...0,, we can approximate
p(0|y) with a piecewise-linear function, connecting the p(6;|y) points with linear seg-
ments.

One may ask now how to numerically sample p(f|y). In order to do so, we use
a positive function g(6) defined for all # such that p(f]y) > 0. Moreover it must hold
that:

e we are able to draw samples from g(0);
e for some constant M the ratio p(fly)/g(8) < M is defined,;
e ¢(#) must have a finite integral.

The rejection sampling algorithm hence is constituted by these two steps (Fig.

53):
e sampling # at random from the pdf of g();

e with probability that is given by the ratio p(f|y)/M g(6) we accept 6 pretending
it is drawn from the real p(f|y) we wanted to approximate.

.

00_000_0_0 ;o

e (N a
[ (11
® o0
o0
®

Figure 8.8: Rejection sampling method in order to sample from a distribution

The choice g(#) plays an important role, specially wrt computational effort: the
more different it is from p(6|y), the higher is the rejection rate. However, if we have
no information about the shape of p(f|y) we should use a flat g(0) (see Fig. [8.9a)).
On the other hand using the trapezoidal approximation to define g(#) we can reduce
this problem (see Fig. [8.9D).

We will now introduce the most efficient way to sample from distribution: Markov
Chain Monte Carlo (MCMC). The general idea behind them is to start from an
initial point in the parameter space 6y, and starting from it to create a random walk.
It is a sequence 0g, 01, ...0; where each 0; is draw from a given transition distribution,
built such that the random walk converges to p(f|y). That is to say we need to run
the simulation long enough such that the distribution of the current draws becomes
close enough to the stationary distribution p(f|y). An example of MCMC is the so
called Metropolis algorithm (see Fig. . As in the general case we
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>
d
(b) Rejection sampling using ¢(f) as a
trapezoidal approximation for p(|y). In-
deed we reach a high efficiency.

(a) Rejection sampling using a "box" dis-
tribution. Efficiency is very low.

Figure 8.9

draw samples from a starting point 6y and then we iterate the following procedure
fort=1,2....

e sample a candidate point §* from a jumping distribution .J;(6*|#*~1). This
distribution must be symmetric, i.e. such that Jy(0,]0y) = J¢(0p]60.) Va,b,t;

e compute the ratio of the densities:

_ p(0y)
p(0y)

e update #' = 0* with probability min(r, 1) (Fig. [8.10b), otherwise §* = #*~1
(Fig. 10a).

4 Pl | vy < plé@ =W

4 pleE | v) = ple' |y sometimes accept
always accept
,u[.‘]"' | %)

] y)

PE|v)
PO1) :

: : : f >
—— > e-N_So+ 0
ox_Sor o 18-

G
) (b) If we jump from a more probable
(a) If we jump from a less probable 0 for 9 for p(6) to a less probable one, we
to a more probable one, we always accept sometimes accept the move according to
the drawn candidate 6. a probability given by the ratio between

the candidate p(6*|y) and p(6*~'|y).

Figure 8.10: Metropolis Algorithm.

Note that it is possible to show that for a Metropolis Algorithm, the Markov chain
converges to a stationary distribution, which is p(f|y). One may want to apply what
we discussed so far and simulate multiple chains simultaneously with starting points
dispersed in the parameter space. We keep monitoring the quantity (i.e. the pa-
rameter) of our interest and measuring variation between and within the different
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sequences, until all of them converge to a unique distribution. Therefore, the ini-
tial part of the random walk has to be neglected since samples are strongly correlated,
we refer to this fact as burn-in.

Let us now consider the following example: we want to sample from a poste-
rior density that is a bivariate unit normal. The probability density function is
therefore:

_ 03403

1
p(61,02)y) = N(61,62]0, 1) = 5o

where 15 is the 2 x 2 identity matrix.
As for the jumping distribution of the kind J;(0*|6'~1) = N(6*|0*~1, 021;), that
we recall must be symmetric, we can choose a bivariate normal as well:
1 im0y

T(07, 0316171, 057) = o—e

2mo?

The only parameter we need to tune as for the jumping distribution is o:

e large o: the larger it is, the larger jumps will be allowed such that we will be
able to explore a larger space of parameters. On the other hand, almost all
proposal will be rejected. Hence, despite the large inefficiency, we will end up
being stuck;

e small o: the chain will be too slow and the algorithm will be inefficient;

e best o: we use as a rule of thumb a condition over the acceptance rate that has
to be in the interval 0.23 — 0.44.

Figure 8.11: Markov Chain Monte Carlo at different stages of simulation. The distribution
we use to sample from are bivariate Gaussians.
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Outbreak Analysis

Let us apply all the knowledge we have acquired so far to a real world problem.
We want to understand what we need to do when we observe an outbreak of an
emerging pathogen about which we know nothing. Let us immerse ourselves in the
following situation: to us all epidemiological characteristic, namely pu, 3, generation
time, are unknown. We will use COVID-19 as a paradigmatic case. For Fig. 9.1 one
can tell that we achieved very good results in studying the disease as fast as possible:
indeed all relevant quantities were computed in a couple of months.
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Figure 9.1: COVID-19 outbreak analysis Number of COVID-19 cases reported weekly
by WHO Region, and global deaths, 30 December 2019. Arrows describe the moment at
which the quantity reported has been computed. The epidemic assessment started from the
letter written by Imperial College.

9.1 Basic Reproductive Ratio Ry estimation

We will discuss now how to process the raw data in order to obtain, for instance,
the basic reproductive ratio Rg. It is a really relevant quantity since we can
retrieve the final attack rate if the virus spread: this is helpful in policy making to
understand how much serious the disease can be, as well as how far we are from the
epidemic threshold and how many infections/deaths we might expect.

109
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9.1.1 R, from the early exponential growth

We will try to obtain Ry using the early exponential growth typical of epidemic
spread. This is indeed useful for real time analyses of highly transmissible infections
(i.e. you see an exponential growth of cases).

The estimate of Ry will therefore computed by the means of the exponential
growth, and obviously it is valid in the case we observe an epidemic. We will start
to tackle this problem first introducing a simple version of the Kermack and the
McKendrick modelﬂ according to which the incidence at the early stages is (Fig.
)

I(t) = Ipe®" = ToerFo— 1! (9.1)

We must observe indeed a region where cases grow exponentially: here we fit using
the curve just introduced. Reverting this last formula we are able to estimate Ry
from the exponential growth factor G:

Ry=p'G+1 (9.2)

In this way we are implicitly assuming that infectivity 8 remains constant for the
whole period of infection. It is indeed a strong, as well as unrealistic, assumption.
Moreover, we assume that recovery is a Poisson process, whose waiting times are

exponentially distributed with average pu~!.

<
<&
Infectiousness

Jooyof 1) = e

Weekly pneumaonia and
=

influenza deaths

1
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Date

I T
(a) Exponential early growth for SIR ¢ “ % W W

model. Tirme T (hours)

(b) More general distribution for infec-
tiousness, which might vary on time.

Figure 9.2
We define the Generation time T, as the average time from infection of the infec-

tor to the infection of the infected. In this case, it holds that the average generation
time is the average infectious duration 7, = p~!, hence we can rewrite:

Ry=T.G+1 (9.3)

However, this means that infectious periods are exponentially distributed,
which is quite um’ealz’sticﬂ Another unrealistic aspect is the lack of exposed pe-
riod, which is quite always present.

!The Kermack-McKendrick model is an SIR model for the number of people infected with a
contagious illness in a closed population over time. It also assumes a completely homogeneous
population with no age, spatial, or social structure.

2Wallinga, Lipsitch, How generation intervals shape the relationship between growth rates and
reproductive numbers Proc. R. Soc B (2007) 274, 599
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Let us consider the more general situation as possible where the generation times
distribution is w(7). We recall now that the transmissibility generic function
B(7) can be rewritten as function of the generating time as:

5(r)
w(r) = 52
This means that there is a period in which we are more likely to infect someone once
infected, i.e. we are more infectious. Obviously, this is the peak in the distribution
w(t) (see Fig. [9.2D). The other way around to see it is the following: the time
needed in order to generate a secondary case, which might be in number more than
one, distributes as in Fig.

Let us imagine to have a number I(u) of newly infected individuals at time w.
The number of individuals they will infect at time ¢t = v + 7 in a time interval
67 is a random process, and follows a Poisson distribution with mean:

I(u)B(T)oT = I(t — 7)B(7)0T (9.5)

(9.4)

One can easily see that the number of newly generated infected people does de-
pend on the number of previously infected individuals. Formally, this is a renewal
equation (Lotka-Euler equation)E]:

I(t) = /000 I(t — 7)B(T)dr (9.6)

Simple SIR model actually accounts for these last considerations, but it assumes that
generation times distribution is exponential. We wanted to drop this assumption: we
are indeed considering non-markovian epidemics. For this reason we had to introduce
the aforementioned integral equation, which takes into account the exponential case
too, and we could not write an exponential equation any more. Only for now, we are
assuming well-mixed and therefore infinite population.

We want now to use the renewal equation in order to estimate Rgy. This can be
done however only when we observe an exponential growth of cases, according
to which we can derive the exponential growing factor G. Hence we can write the
infectious people at time I(¢) in function of infectious people at time ¢ — 7 as follows:

I(t)=I(t—71)e"" (9.7)

By using last equality, the renewal equation becomes:

I(t) = /0 h I(t)e 9" B(1)dr (9.8)

Dividing both sides by I(¢) and replacing in the last equation, we end up with:

1 > -Gt
a= [ et (9.9)
Ry Jo

From which we can provide an estimate for Ry. One should have noted that it is
the Laplace Transform of w(7): therefore we are able to relate directly Ry to the
generation times w(7) distribution, specially to its moments generating function via
M(z) = fooo e*Tw(r)dr:

1
M(=G)
We recall now the properties of the Laplace Transform and its epidemiological
implications:

Ry = (9.10)

3a.k.a., borrowed from population dynamics. New births depend on people that were born 20-30
years ago: for instance their number (larger it is, the more births we expect), fecundity rate and
how this parameter evolves during the whole lifespan of a person. Many models from ecology and
demography can be applied to the epidemiological framework.



112 Chapter 9. Outbreak Analysis

® My)(2) 20 = Rp > 0 because the Laplace transform is always greater or
equal than zero.

o M;U(T)(z) = [;STe*w(r)dr > 0 = Ry is an increasing function of G, since
the derivative of the Laplace transform is always greater than zero. Bigger the
exponential growth, bigger is Ry.

e My (0) = [(w(r)dr =1 = if G=0 = Ry =1 from normalization
condition. If we observe a flat curve, i.e. no exponential growth, then Ry = 1.

Let us assume that w(7) is distributed as a Gaussian, that we recall is the least
informative distributiorﬁ. We know from theory that its Laplace Transform is:

IU(T) = N(T07U2) — RO = eGch(l/Q)GQUQ

This means that Ry depends also on the variance of generation times distribution.
Let is assume that the generation time is like the infectious period ({(T) ~ u~!). For a
given (T.), if the variability o2 of the generation times is higher, then the exponential
term becomes lower, hence leading to lower Ry (see Fig. [9.3). For instance: if an
individual remains infected for a shorter period, it is going to produce quicker more
infections hence the exponential growth will become steeper. This fast chain will
dominate over the other chain of transmissions.
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Figure 9.3: Different distributions to of generation times (9.3al) lead to different Ry once
we observe an exponential growth G (9.3b)).

Whereas, if we consider a Delta Distribution, i.e. a well peaked distribution
with no variance at all, its transform is:

w(t) =6(T,) = Ry =e“Te

that sets an Upper bound of Ry. This is the case where the infection duration is
more or less equal for everybody.

In other words, adding some variability onto a fixed (T.) generation time, a given
Ry will correspond to higher G. This can be formalized thanks to Jensen’s in-
equality: the average of transformed stochastic variables is at least equal to the
transformed average of those variables when the transformation is convez:

/ eTw(r)dr > e* Jom rw(ndr — Moy (2) = ele — Ry < e“1e (9.11)
0

Recalling that 7 is distributed according to some distribution w(7), we assume
that 7 is the sum of two stochastic variables:

T=TE+TI

4Tt means that we know only the mean y and the variance o2 of a distribution and nothing more.
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where 7 is distributed according to g(7g) and 77 follows another distribution, namely
h(7r). One can prove that the generation times distribution w(7) can be rewritten
as the convolution between g and h:

w(r) = g(7E) * h(rr) (9.12)
and, its Laplace transform is:
M) = My(rg) X M) (9.13)

This can turn out to be useful if we want to add some complexity to our modeﬂ
and consider the generation time as the sum of a latent period, during which no
infections can be generated and that distributes as g(7g), and a second term that is
an infection period 7; where infections can be generated and distributes as h(7y).
For instance, let as assume that 75 ~ Exp(e) 71 ~ Exp(p). The basic reproductive
ratio is defined as Ry = ﬁ: let us compute it analytically. We know that:

= M(-C) = /OOO e Tw(r)dr (9-14)

Given g(7g) = e °"2 and g(17) = pe H7*

o0

M(—G) = Mg(TE) X Mh(‘r]) = / e OB (TE)dTE X /0 Cicng(T])dT[

[o¢] o
= / ~GTB e TE 1y X / —Gnr we T dry
0 0

oo 00
= 5/ 6_(G+€ TEdTE X M/ —(G+p) TIdT]
0 0

_ e
- G+e G-i—,u R(]

The basic reproductive ratio:
G G G G G?
Ry=(14+4—) - (1+—) =1 — 1+ G -1 9.15
o(+€)(+u) ++u+u +GEe Tt +uh (9.15)

One should note that we have exactly got back to the result of the SEIR model.
One should note however that if we observe an exponential growth, we cannot
conclude anything on the Basic Reproductive Ratio Ry, since we need both average
and variance information of generation time distribution as well: this indeed
helps to interpret the exponential growth (Fig. .
In practice, when we have an incidence time series {y;} we need to:

e Define a time window where the growth is exponential.

e We make a Poisson regression of the incidence points, assuming that our
process is Poisson and with expected value:

log (E(y:[t)) = o + Gt

o We estimate through the likelithood both initial conditions and the exponen-

tial growth.
tm _ea0+Gt

eYt(ao+Gt) p—e™0
:(QOa G‘{yt}) | |

t=0

¢!

SWhat we observe in reality is that infectivity continuously evolves throughout time: sometimes
it is less and sometimes is high. We can simplify and divide this behavior into two discrete stages:
Exposed and Infected.
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Initial conditions are fundamental, since we need them to properly understand
and interpret G. Even though we want to infer a single parameter and g has
no specific meaning taken by itself, those are needed.

Clearly, the proper distribution of generation times is difficult to obtain analyti-
cally; therefore, we use only available information on the generation time distribution
and make some assumptions in order to compute Rg. Many times the only informa-
tion we have is its average T, and dispersion o, hence we can exploit the Gaussian

approximation:
2 2
Ry ~ 6GTC—(I/Q)G o

However, often the distribution of serial intervals is used as a prozy of the dis-
tribution of generation time.

9.1.2 R, from the cluster size

We will now provide another tool to estimate Ry: we will try to infer it from the
cluster size. This is useful specially when infections are not highly transmissible,
that is to say when we do not observe an exponential growth of cases, but only
sporadic infections.

Let us discuss which are the possible infections with Ry < 1, in particular what are
their main features. These are for example zoonotic infections, such as M ERSﬂ that
was transmitted through dromedaries and camels and whose mortality rate was high,
or infections that are close to eradication threshold, such as measles. It is important to
analyze such diseases and to understand how far we are from the epidemic threshold,
since the higher the number of infected individuals, the higher the risk of a mutation
in the pathogen or a decrease in vaccine uptake.

We want to understand how to deal with this problem: a first approach is to
assume that the few cases we observe are linked to a unique cluster.

We define as a cluster all cases generated by the so called index case. A cluster
is an entity like the one in Fig. whose most important quantities are:

e Index case: infection caused by an external source.
e Offsprings: cases infected by the index case.

In the case where we deal with many clusters, the distribution of their size s depends
on Ry according to P(s|Rp).

index-case

\O _Cluster

Figure 9.4: Estimation of Ry using a cluster approach when observing a small amount of
cases.

Some examples of P(s|Ry) probability density might be, depending on the as-
sumptions we make on the heterogeneity of the network:

5Middle East Respiratory Sindrome (MERS) coronavirus, 2013. Breban, et al. The Lancet 2013
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e All infectious individuals behave equally and generate on average Ry transmis-
sions. The number of offsprings is k and are distributed as a Poisson:

(SRO)S—le—SRo

k ~ Pois(k|Ry) = P(s|Ro) = .

e Introducing a continuous-time SIR dynamics, since Ry is below 1 stochastic
effects are important. The size of the cluster therefore follows a Markovian birth
and death process of the kind:

(2s—2)!  Ry!
sl(s = 1)! (Ro + 1)1

P(s|Ro) =

However, it might happen, specially when cases are few, that many of them are not
reported: data we have is almost for sure biased in this sense. Hence we need to
account also for under-reporting. Each case may go unobserved with probability
Pmiss: as a consequence if a cluster has real size s, we may observe a cluster of size
o<s.

The probability of observing a cluster of size 0 > 1, given Ry, is Binomial
wrt missed cases:

ZSZO P(S|RU) (2)17;;23(1 - pg@iss)

P(0|Ro, pmiss,; 0 > 1) = 1 — 0(0 = 0| R, Pmiss)
= y Pmiss

where P(s|Rp), can be any of the aforementioned probabilities. And the likelihood:

1
Q(Oi‘Rmpmiss) = (Z 01') ! H ;P(O‘R()vpmis& 0= 1)

where, as an example, the first factor sums over all the possible sizes of the cluster
that we may have observed, and all the possible permutations (”!”).

Exploiting the tools we have just introduced epidemiologists were able to provide
an estimate for Ry. It is interest to notice that at early spread, in February this was
Ry ~ 2. More likely the Ry for the Eastern strain of Coronavirus was computed.
Indeed a couple of months later scientists were able to estimate Ry for the European
strain, and it resulted to be Ry ~ 3. This can explain why in UK the Chinese
strain was overtaken by the European one, despite it appeared earlier and number of
infected people was way larger.

9.2 Incubation period estimation

One other relevant quantity we need to estimate as soon as possible is the incu-
bation period. It is really important since, under some assumptions, we can relate
it to the generation times distribution from which to compute Ry. In order to do
it, high quality data is needed. However, if there is none, we can still provide an
estimation by using similar diseases one, even though obviously this analysis might
lead to wrong outcomes.

The incubation time is defined as the time elapsed between the onset of symp-
toms and the infection time, namely when the exposure occurred (Fig. . The
former is easy to collect, for instance when a person has been visited by a doctor
and start showing any symptoms. In addition, incubation time is also a measure of
the delay in the response of restriction policies in infection curve. However, expo-
sure time is very difficult to retrieve, nonetheless is very important: pre-symptomatic
phase relevance is even higher for COVID-19, since pre-symptomatic individuals turn
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exposure

case [ ] I

>
TIME

axposad infection time onset time
[Jexp ; o

pre-symptomatic
symptomatic

Figure 9.5: Incubation period analysis.

out to be really infectious. Some ways deal with this problem are through contact
tracing, case investigation. Once a case is confirmed, contacts are investigated.
They are contacted, isolated and go through clinical and virological assessment. This
allows us to collect infector-infected pairs and more likely when contact occurred.

One other approach one may want to follow to estimate the incubation period
is to proceed with the analysis of travelling cases. With referral to Fig.
and COVID-19 outbreak: Backer et alﬂ analyzed 88 cases detection starting from
January, 20th through January, 28th. Their travel history (to and) from Wuhan was
known, as well as their symptom onset date. During this early stage of the epidemic,
it is most likely that travellers were infected in Wuhan. Consequently, their time
spent in Wuhan can be assumed to be the duration of exposure to infection without
any contact tracing procedure. As said, we know for sure the date of the onset of
symptoms, but we need to infer when infection occurred. One should note that the
shorter the stay in a risky area, the more precision we have in inferring the duration
of infection period. After providing these estimations, data was fitted and compared
using 2-parameter continuous distributions supported on a semi-infinite intervals,
such as Gamma, Weibull and Log-normal distribution. Later, they proceeded to
maximize the Likelihood and, by the means of a strictly positive flat prior for the
two parameters, since there was no guess about their value, they tried to infer them.
The most credible estimation for the incubation period was:

incubation period ~ 6.4 days C.I. 95%[2.1,11.1] days (9.16)

anset of symptoms

1lan 8 lan 15 Jan 22 lan 24 |an

B Unexposed N Frobability of being infected [ ]

] Exgiiiid  Infected but asymptomatic . Symptomatic

Figure 9.6: Pioneer analysis of travelling cases for COVID-19 outbreak.

"Backer, Klinkenberg, Wallinga. Incubation period of 2019 novel coronavirus (2019-nCoV) infec-
tions among travellers from Wuhan, China, Euro Surveill. 2020;25(5).
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9.3 Generation time and serial interval estimation

Let us recall the definition of the generation time: it is the time elapsed between
the moment when the infector was infected and the moment when he infects someone
as one can see in Fig. . It is indeed really difficult to obtain, nonetheless it can
be computed thanks to the serial interval T that are easier to compute. It is the
time elapsed between the onset of symptoms for two individuals, where we assume
one to be the infector and the other one the infected. Therefore, the serial interval
is a random variable that is linked to both generation times distribution (7) and the
incubation periods distribution () in the following way:

onset time case 2 onset time case 1
TS = (tz + 52) — (t14+6) = (ta—t1) + (02— 51) =74 (02 — 51) (9.17)
serial interval

where we sample 7 ~ w(7|02), § ~ g(0]61), 7s ~ f(7s]01,02). This indeed is true on
average, and can be done since we assume that the average generation time and the
average infectious duration are equal. Therefore, serial interval is often used as a
proxy for the generation time, but with a warning! This argument is valid since
(01) = (62), therefore ((62 — d1)) = 0, but we should recall that 7¢ # 7: on average
they are the same ((75) = (7)), but their variance is different (o, > o)

Generation time T - Serial interval T¢
Caset [__] 7
Case2 |

i

TIME

[ ] exposed Hecton e Hection fime

|:| pre-symptomatic
- onsettime onset time

symptomatic case 1 case ?
H+ 15] f+ -.52

Figure 9.7: Generation time and serial interval relation.

Moreover, the variance of the generation times distribution f is greater than the
one of w of infectious duration: indeed we can observe infections even caused by pre-
symptomatic individuals: pre-symptomatic phase is important for transmission.
In addition, variance of f is also greater than the variance of G and this might lead to
an underestimation of Ry since it holds that, relating the latter to the serial interval
distribution, Ry ~ eGTa—(1/2)G%?

As an example, let us consider the case of COVID-19 data and proceed with the
estimation of the generation times distributions. Researchersﬂ reported 91 confirmed
cases in Singapore and 135 in Tianjin, and relied their paper on previous estimates
of incubation period, whose distribution is:

§ ~ g(5]61) = Gammal(6:) (9.18)

Data we are talking about consisted in information about infector and infected pairs.
We know that generation times is 79 = 7+ (2 — 1), therefore distributes according

8Indeed, Var(X +Y) = Var(X) + Var(Y).

9Ganyani, Kremer, Chen, Torneri, Faes, Wallinga, Hens. Estimating the generation in-
terval for coronavirus disease (COVID-19) based on symptom onset data, Euro Surveill.
2020;25(17):pii=2000257
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to the convolution between the two distributions A and w:

+o0
(75101, 05) = / w(r = 2|0)h(w]6)dx = £({rsi}, 0201) (9.19)

—0o0

where x = d3 — 01, © ~ h(z|6h) and {7,,} is the set of generation intervals observed.
Once we have proceeded to the estimation of #; we can numerically compute:

P(tg <t + 51) = P(TS < 51) (9.20)

that gives us the proportion of cases generated by pre-symptomatic trans-
mission. The final results are the following for the COVID-19:

generation time = 5.20 days C.I. 95% [3.78 — 6.78] days (9.21)

and the proportion of pre-symptomatic transmission being around 50%, that is a
high number. This implies that infected people tend to infect more if they are not
reported, since this number is not negligible. A natural consequence is that, when
we spot a case, it will have already infected almost half of the people it would infect
during the whole infectious period.

The opposite case actually tells us why Ebola did not spread: despite a really
high mortality rate (60 — 70%), the infectiousness was not constant in time and was
proportional to the time individuals stay infected as long as with the severity of the
symptoms. Those individuals could be successfully isolated in time as soon as any
symptom shows up, thus avoiding the spread. In this case, isolation for infected
individuals is a successful solution to stop the disease.

9.4 Infection severity

One of the most important quantities we may want to compute is the infection
severity. Indeed, we need to know the full spectrum of symptoms including the ones
of pauci-symptomatics and asyntomatics. It gives us a key to interpret data and
observations, moreover allows us to estimate the actual number of infections and
its cumulated: this might be helpful to understand how many people are susceptible
to the disease at the moment. Another reason to explain why it is important is if,
once recovered, we acquire some sort of immunity, even temporary, actual susceptible
people become less in number. Moreover, it is important to compute the infection
fatality ratio and to provide projections on hospital needs: we will know how
many people would need ICU or hospitalization, based on the fraction of people
that develop mild or more serious illness. These fractions are normalized wrt total
number of infected people, including asymptomatic, so one should easily understand
how much hard is to compute these ratios.

On the other hand this is a really difficult task to estimate these proportions,
but this goal can be pursued through contact tracing studies, routine testing, or
COhOI“tEF;GI. Indeed these are actually very difficult and expensive procedures, specially
in terms of resources, and may require even formation for people which were assigned
by these task. Moreover some natural experiments could be done. That is the case of
the Diamond princess, a cruise ship in Japan where some people were tested positive.
Therefore, others were quarantined on the boat for some time: eventual infections
were registered, reported their eventual symptoms and finally led to the hospital.
However, this brought someone to raise some ethical objections over this scientific
non conventional approach. Another experiment was due to repatration flights, where

10We choose a sample of people/volunteers among a population, and proceed to follow their
evolution in time in terms of infected, recovered, times distributions and so on.
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people were tested in airports while returning home in addition to the reporting of
their eventual symptoms.

In conclusion, the true proportion of asymptomatics of COVID-19 is still not
certain (~ 20% — 50%) and there is a strong dependence on age.

9.5 Reproductive ratio R;

Let us compute the most relevant quantity of the epidemiological process, namely
the Reproductive ratio R;. This is different from the basic reproductive ratio
Ry and we recall that the latter is average number of cases an infectious individual
infects in a fully susceptible population during the course of his/her infectious period.
Moreover, this is computed at the initial stage of an outbreak. However, this is not
realistic, being the number of susceptible dependent on time, for instance due to
acquired immunity.

Instead, the Reproductive ratio R; is the average number of cases an in-
fectious individual infects at a given time ¢ during the course of his/her infectious
period. This is the natural extension of Ry to the later outbreak stage. It is an
indicator of how the transmission potential of the epidemic evolves in time.

The dependence in time has to be introduced to take into account that as the
outbreak unfolds the population is not fully susceptible anymore. We retrieve the
simple version of the Kermack and McKendrick model, where the new infections:

t46t sy ’
It + ot) = 1) d " (Fosih—1)ar ] (9.22)
That in turn can be locally approximated to:
I(t 4 0t) ~ I(t)edtmFe=1) (9.23)

where R; = RO%.

In reality things are more complex: R; does not change only due to the deple-
tion of susceptible (immunity building): it might change as effect of interventions,
behavioural change of population ((k:) term):

Ry = Bk _, R, = B ki) S(t) (9.24)

I po N(t)
Now, we drop the assumption of the simple SIR and put ourselves in a more
general framework. We will follow two different paths and interpretations to compute
R;.

Cori method

The first one is the method used almost in all Western countries, and was developed
by Cori et alE The main pro is that it captures immediate changes in number of
contacts thanks to lockdown or other restrictions, and this makes it really useful. It
starts from a generic generation time distribution, namely w(7), and it is based on
the Lotka Euler equation:

1) = /0 T = P)B(rdr (9.25)

where (1) = w(7)Ro. One should note that the number of infected people at time
t depends on the number of infected at time ¢ — 7 and on the model parameters at
time 7!

1 Cori, Ferguson, Fraser, Cauchemez, A New Framework and Software to Estimate Time-Varying
Reproduction Numbers During Epidemics, American Journal of Epidemiology, 178, 2013.
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Let us generalize the last expression. In order to do so, we make the assumption
that the reproductive ratio varies in time, being the infectiousness time dependent as
well B(7,t) = w(7)R;. Therefore introducing Ry:

1) = /0 T = () Rudr (9.26)

note as it was introduced the dependence over the absolute time ¢ through the variable
Rt.

Reverting the last equation and discretizing the time we obtain:

22:1 Ii—sws
where the denominator indicates the total infectiousness of individuals that are in-
fectious at the time ¢. According to this interpretation, R; is the average number
of secondary cases that each infected individual would infect if the conditions re-
mained as they were at time t. This method is called “real time method”, since
it links the actual situation to the past one through the generation times distribution
finally providing an estimation for R;. Given the total number of newly infected
people today we can assume that background situation will not change in the close
future, finally trying to predict the future number of infections that is function of R;.
The R; analysis in France is illustrated in Fig. [0.8

(9.27)

150
40
1.30
20
1.10
1.00
a0
QLB
oo
QLED
050
SOOI P PSSP 3PP DD DD DD 0
FEEEELFSF TEFFIFS PSP

hittps :ihenwew.g ouvemement fr'info-coronavirus/care-et-donnees

R, for France

Figure 9.8: R; analysis for France throughout 2020. Changes are mainly due to restriction
and variation of (k;) and most likely not due to immunity building.

Wallinga method

The second interpretation we introduce is the one made by Wallinga et alE It
is used to infer who infected whom from available information. When we have an
incidence curve, the only information regarding a case is the date in which a case
was recorded. Hence, the relative probability p;; that case ¢ is infected by case j,
given the time elapsed ¢; — t; depends on the generation interval and assuming a
case is registered the date in which it was infected is:

w(t; — t;)
Dij Zwék w(ti _ tk) (928)
The denominator denotes all the case we have, and acts as a sort of normalization
term. Sometimes, however, this is not realistic since there might be some delays in
reporting the cases. We now introduce the cohort reproduction number:

12Wallinga, Teunis, Different Epidemic Curves for Severe Acute Respiratory Syndrome Reveal
Similar Impacts of Control Measures, American Journal of Epidemiology, 160, 6, 2004.
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it counts the average number of secondary transmissions caused by a cohort that was
infected at time step ¢. It is the infection potential of a cohort (might be even a single
individual) at time t. We recall that a cohort is not a cluster, but is a group of cases
that we follow from now on in the future, as a sample individuals. This method takes
into account naturally the variability in the transmission potential of all individuals,
since we are not making any assumption for it. We are trying to quantify number
of transmission generated by cases at time ¢.

The price to pay for using this method is that it can be used only retrospec-
tively: we are trying to compute when the secondary cases, generated by the infected
at time ¢, have already been infected.

Method comparison
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Figure 9.9: Difference between Bettencourt, Wallinga and Cori approaches for computing
R;. We see that Wallinga’s has a cut-off. This behavior was expected since this approach
analyzes future cases that are manually set to 0, nonetheless this kind of estimation is wrong.
Cori’s instead is more realistic.

We now want to make a little comparison between the two above described models
(Fig. [0.9).

Cori describes the number of new infections at time ¢ and link them to past
infections. Hence, it look backwards in time. On the other hand, Wallinga
relates the number of today’s infections at time ¢ to the future cases they will generate.
Hence, it looks forward in time. The last model however cannot be used in real
time analysis, but it sticks more to the R; definition.

Let us use these approaches with a more practical task. Let us compute the actual
life span of some individuals that was born in 2013. Using Wallinga’s retrospective
approach, we would need to wait until all individuals die out, and then proceed to
estimation. Conversely, using Cori’s approach, we could estimate the same quantity
by assuming that death rates in the future will be similar to present ones. It is a
more physical approach: indeed it takes into account actual conditions.

In reality, we do not have as data the time of infection, and generally we report
only delayed effects (symptoms) of some events that had occurred some time in the
past (Fig. . So, every report contains an intrinsic delay within itself, and even
a delay of a single day can be risky for certain type of diseases. In this framework,
hospital data is currently the best one since it relies on an uniformity of testing. In
addition, outpatient testing data E is useful, but its availability depends on many
variables such as "population testing" policies for a given country. In conclusion,
if we want to compute R; we either build a compartmental model and, sticking

13People that get tested under medical prescription or needs to travel and therefore have to be
tested.
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to it we estimate parameters using maxzimum likelihood, or alternatively, we build
a statistical model and try to infer infection times and all related quantities by
the means of deconvolution. Another last possibility is to build a model accounting
for latent states, where the observables become hospital admissions date and the
latent state is the one that immediately follows the infection. However, since we do
not observe the time of infection, we can still use maximum likelihood to infer R;.

Observed data reflect past
transmission events.
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Figure 9.10: Generation time and serial interval relation.
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